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ABSTRACT
SOUND PROPAGATION IN A LIQUID 
OVERLYING A VISCOELASTIC IIALFSPACE
by
ALLEN H. MAGNUSON
The problem o f  a c o u s t ic  subbottom sediment i d e n t i f i c a t i o n  and 
c l a s s i f i c a t i o n  i s  t r e a t e d  u s in g  an a n a l y t i c a l  approach. The purpose o f  
the  s tu d y  i s  to  develop e x p re s s io n s  f o r  th e  a c o u s t ic  response  in  a 
l i q u i d  o v e r ly in g  a lay e red  v i s c o e l a s t i c  h a l f s p a c c .  A f te r  a review of 
r e l a t e d  experim en ta l  r e s u l t s  and e a r l i e r  a n a ly t i c a l  s t u d i e s ,  th e  fundamental 
govern ing  laws a re  d isc u sse d  and a l i n e a r i z a t i o n  i s  a p p l ie d .  L inear ized  
c o n s t i t u t i v e  r e l a t i o n s  a re  developed f o r  an e l a s t i c  s o l i d  w ith  su p e r ­
imposed damping (Voigt v i s c o e l a s t i c  m odel). V ector d isp lacem en t f i e l d  
e q u a t io n s  a re  a ls o  d e r iv ed  f o r  th e  i n v i s c id  f l u i d .
The v e c to r  f i e l d  eq u a tio n s  a re  s im p l i f i e d  by s e p a r a t in g  th e  f i e l d  
i n to  lo n g i tu d in a l  and t r a n s v e r s e  p a r t s  and in t ro d u c in g  s c a l a r  p o t e n t i a l  
f u n c t io n s  f o r  the  r e s u l t i n g  p o l a r i z a t i o n s . -  The response  in  th e  l iq u id  i s  
ex p re sse d  as a G reen 's  fu n c t io n  due to  the  monopole p o in t - s o u rc e  f i e l d  
e x c i t a t i o n .  Then th e  m u l t i - l a y e r  problem i s  so lved  u s in g  th e  G reen 's  
f u n c t io n  form alism , i n t e g r a l  t ra n s fo rm s  and by matching boundary 
c o n d i t io n s  a t  each i n t e r f a c e  between l a y e r s .  A r e c u r re n c e  r e l a t i o n  i s  
developed  f o r  th e  p o t e n t i a l s  in  a d jo in in g  v i s c o e l a s t i c  l a y e r s .  This 
r e c u r re n c e  r e l a t i o n  i s  a p p l ie d  s u c c e s s iv e ly  t o  e l im in a te  th e  p o t e n t i a l s
between th e  f i r s t  and l a s t  v i s c o e l a s t i c  l a y e r s .  The r e s u l t  i s  s u i t a b l e  f o r  
computer s tu d i e s  due to  th e  a p p l i c a t i o n  o f  th e  r e c u r re n c e  r e l a t i o n .
S p ec ia l  cases  o f  th e  m u l t i - l a y e r  problem a re  developed and shown 
to  be c o n s i s t e n t  w ith  e a r l i e r  r e s u l t s .  The one v i s c o e l a s t i c  l a y e r  
(h a lf sp a c e )  case  i s  analyzed  in  d e t a i l  f o r  bo th  f i n i t e  and i n f i n i t e  depth 
o f  th e  o v e r ly in g  l i q u i d .  The i n t e g r a l  form i s  e v a lu a te d  u s in g  complex 
v a r i a b le  te c h n iq u es  and h ig h -f re q u e n c y  f a r - f i e l d  app rox im ations .  The 
r e s u l t s  a re  expressed  as th e  sum o f  r e s id u e  term s and branch l i n e
i n t e g r a l s .  The branch l i n e  i n t e g r a l s  a r e  exp ressed  as a sym pto tic  s e r i e s
and th e  le a d in g  terms a re  e v a lu a te d  f o r  th e  i n f i n i t e  l iq u i d  d ep th .  The 
r e s u l t  i s  shown to  be a p p l i c a b le  to  th e  nea r-b o tto m  case .  In a d d i t io n ,  
a s t e e p e s t  d escen t  i n t e g r a t i o n  i s  a p p l ie d  f o r  moderate ang les  o f  
in c id e n c e .  The r e s u l t i n g  response  i s  th e  sum o f  th e  d i r e c t  and r e f l e c t e d  
wave and a r e f r a c t e d  wave t h a t  occu rs  f o r  ang les  o f  in c id e n ce  beyond a 
c r i t i c a l  a n g le .
A p p l ica t io n  o f  th e  r e s u l t s  t o  the  subbottom i d e n t i f i c a t i o n  problem i s  
d isc u s s e d .  I t  i s  shown t h a t  th e  com pressional and t r a n s v e r s e  wave
p ro p ag a t io n  in  th e  subbottom can be i n f e r r e d  from th e  r e s u l t s  f o r  the
nea r-bo ttom  i n f i n i t e  dep th  case .  A d d i t io n a l  in fo rm a t io n  on the  
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I . INTRODUCTION
The e x t r a c t i o n  o f  m ineral  sedim ents  from th e  c o n t in e n ta l  s h e l f  i s  
becoming more f e a s i b l e  econom ically  due to  th e  s tead y  d e p le t io n  o f  
r e s o u rc e s  on lan d .  I n t e r e s t  in  t h i s  a re a  has c re a te d  a demand f o r  an 
in ex p e n s iv e ,  r a p id  means f o r  c l a s s i f y i n g  underw ater  sed im en ts .  The 
purpose o f  the  p re s e n t  work has been to  develop u n d e rs ta n d in g  o f  th e  
fundamental p h y s ic a l  p ro ce sse s  o c c u r r in g  in  th e  ocean-subbottom  system. 
The dynamical b eh a v io r  o f  th e  system shown sc h e m a tic a l ly  in  F igure  1 
in  response  to  a c o u s t i c a l  in p u t  s ig n a l s  i s  o f  prim ary i n t e r e s t .  The 
r a t i o n a l e  o f  th e  p r e s e n t  i n v e s t i g a t io n s  i s  based on th e  p rem ise  t h a t  
f u r t h e r  advances in  the  remote c l a s s i f i c a t i o n s  o f  marine sedim ents  a re  
dependent upon th e  development o f  more s o p h i s t i c a te d  and r e a l i s t i c  
a n a l y t i c a l  models. A model c o n s i s t in g  o f  a coupled a c o u s t i c  (ocean) 
and dynamic v i s c o e l a s t i c  f i e l d  (subbottom) i s  developed. C l a s s i f i c a t i o n  
o f  sed im ents  can then  be accomplished in  terms o f  the  v i s c o e l a s t i c  
p a ra m e te rs  o f  t h e  subbottom. Enough p ro g re s s  has been made us ing  t h i s  
type  o f  approach to  j u s t i f y  f u r t h e r  development.
A. D iscuss ion  o f  R esu lts  o f  Previous I n v e s t ig a to r s
C ons ide rab le  experim enta l  work has been done to  c l a s s i f y  o r  i d e n t i f y  
marine sed im en ts .  The most co n c lu s iv e  work to  d a te  i s  t h a t  o f  B reslau  
and Hamilton. B res lau  [1] developed a r e l a t i o n s h i p  between subbottom 
r e f l e c t i v i t y  and th e  sediment p o r o s i t y .  H am ilton 's  r e s u l t s  o f  e x te n s iv e  
work done on the  c o n t in e n ta l  t e r r a c e  and in  th e  deep ocean a re  summarized 
in  Reference [11]. lie measured o r  computed th e  e l a s t i c  p r o p e r t i e s  o f  
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3t e r r a c e  ( s h e l f  and s lo p e )  a re  p re s e n te d  in  Table 1. S eve ra l  g en e ra l  
o b s e rv a t io n s  can be made from H am ilton 's  r e s u l t s .  F i r s t ,  one sees  t h a t  
th e  com pressional wave speed w ith  the  subbottom i s  s l i g h t l y  h ig h e r  than  
th e  speed o f  sound in  th e  o v e r ly in g  w a te r .  Secondly, th e  sh e a r  wave 
speed in  the  sediment i s  c o n s id e ra b ly  s low er than  th e  w a t e r ' s  speed o f  
sound. In a d d i t io n ,  th e  sediment d e n s i ty  v a r i e s  from about 1.5 to  2 .0  
t im es th e  w ater  d e n s i ty .
Numerous i n v e s t i g a t io n s  have been perform ed t o  model and measure 
th e  d i s s i p a t i v e  o r  damping p r o p e r t i e s  o f  marine sed im en ts .  Krizek and 
F ra n k lin  [21] measured th e  energy d i s s i p a t i o n  in  a s o f t  c la y .  They found 
th e  energy d i s s i p a t i o n  to  be independent o f  frequency  from 0.1  t o  30 Hz. 
Mizikos [30], [31] found t h a t ,  f o r  marine san d s ,  th e  s l i d i n g  c o n ta c t  
between g ra in s  induced an am plitude and frequency  independent phase lag  
between s t r e s s  and s t r a i n .  Other i n v e s t i g a t io n s  have been conducted: 
f o r  example, we c i t e  th e  work o f  Hampton [12] and Wood and Weston [57]. 
Both o b ta in e d  e m p ir ica l  r e l a t i o n s  f o r  th e  a t t e n u a t io n  o r  energy 
d i s s i p a t i o n  o f  sound in  m arine sed im en ts .  In any c a se ,  th e  damping 
mechanisms in  marine sedim ents  a re  no t w e l l  unders tood  and no u n i v e r s a l l y  
accep ted  model f o r  th e  damping e x i s t s  v a l i d  over th e  f requency  range o f  
i n t e r e s t .  The experim ents  g e n e ra l ly  conclude t h a t  m arine sedim ents  may 
be modeled as an e l a s t i c  s o l i d  w ith  sm all  superimposed damping.
The experim en ta l  work on marine sed im ents  has r e l i e d  on r e l a t i v e l y  
sim ple  models to  i n t e r p r e t  th e  d a ta .  B res lau  [1] used a plane-wave 
r e f l e c t i o n  c o e f f i c i e n t  model in  c o n ju c t io n  w ith  ray  th e o ry .  In 
H am il ton 's  work [11] th e  com pressional wave speed in  th e  sediment was 
measured d i r e c t l y  us ing  p ro b es .  The s h e a r  wave v e l o c i t i e s  were computed
Table  1 Elastodynam ic Wave P ro p ag a tio n  Param eters  f o r  Marine Sediments 
on th e  C o n t in e n ta l  T e r ra c e  (From Hamilton [11])
Sediment
Type
Mass D ensity  
p(gm/cm3)
L o n g itud ina l  
Wave Speed 
c^(m/sec)




Coarse 2 .03  1836 250
Fine 1 .98  1742 382
Very Fine 1.91 1711 503
S i l t y  Sand 1 .83  1677 457
Sandy S i l t  1 .56 1552 379
S a n d - s i l t - c l a y  1 .58  1578 409
Clayey s i l t  1 .43  1535 364
S i l t y  c la y  1.42 1519 287
'b
Note: Sound v e l o c i t y  i n  w a te r  c„ = 1501 m/sec and w a te r  d e n s i ty  p„ = .. , 3 „ ori ,'  0 0 1.025 g/cm @ 20 m depth
from S tone ley  wave speed measurements u s ing  th e  c lo s e  r e l a t i o n  between 
th e  two waves [2 ] .
The models used do no t ta k e  i n to  account s e v e r a l  im p o r tan t  e f f e c t s :  
th e  f i r s t  i s  th e  e x is te n c e  o f  su b la y e rs  in  the  sedim ent (shown in  
F igure  1) and th e  second i s  damping. Other e f f e c t s  such as nonun ifo rm ity  
o f  the  sediment i n t e r f a c e s  and sediment inhom ogen ie ties  a re  obv iously  n o t  
taken  i n to  account. The p r e s e n t  work develops a more g e n e ra l  a c o u s t i c a l - 
e la s todynam ic  model w ith  damping t h a t  tak e s  i n to  account the  m u lt ip le  
l a y e r in g .  In a d d i t io n ,  th e  th re e -d im e n s io n a l  n a tu r e  o f  th e  problem i s  
e x p l i c i t l y  taken  in to  account by modeling th e  a c o u s t i c  s t im u lu s  as a 
p o in t  sou rce  in  th e  l i q u i d  l a y e r .
The a n a l y t i c a l  work developed here  i s  an e x te n s io n  o f  s c ism o lo g ic a l  
and geophysica l  i n v e s t i g a t io n s  on the  a n a ly s i s  o f  e a r th  trem ors  in  the  
deep ocean and response  to  underw ater  e x p lo s io n s .  Ewing, J a rd e t s k y  and 
P re ss  [5] p r e s e n t  in  a comprehensive survey  th e  p r i n c i p a l  r e s u l t s  o f  
a n a l y t i c a l  s tu d i e s  in  t h i s  a rea  up t o  about 1957. The p r in c i p a l  
d i f f e r e n c e s  between s e is m o lo g ic a l -g e o p h y s ic a l  modeling and a c o u s t i c a l  
subbottom i d e n t i f i c a t i o n  a r i s e  due to  d i f f e r e n c e s  in  th e  tim e dependence 
o f  th e  s t im u l i  to  the  system  and in  th e  ranges over  which s ig n a l s  a re  
m onitored . Geophysical work u s u a l ly  uses  an im pu ls ive  tim e dependence 
r e p r e s e n t in g  an ex p lo s io n  o r  a n a tu r a l  d i s tu r b a n c e .  In a d d i t i o n ,  
d i s t a n c e s  from source  t o  r e c e iv e r  a re  u s u a l ly  many t im es  th e  w ater  depth  
in  th e  deep ocean. On th e  o th e r  hand, a c o u s t i c  sounding o f  t h e  subbottom 
in  sha llow  w ate r  i s  u s u a l ly  done w ith  a f requency-m odula ted  p u lse  o f  
s h o r t  d u r a t io n .  The m odula ting  f re q u e n c ie s  a re  g e n e ra l ly  in  th e  m id-audio 
ran g e :  i . e .  from 1 KHz to  10 KHz. The ranges a re  u s u a l ly  much s h o r t e r ,  
as bo th  sou rce  and r e c e iv e r  a re  u s u a l ly  hung over  th e  s id e  o f  a s in g le
6survey v e s s e l .  In a d d i t io n ,  e l a s t i c  wave p ro p a g a t io n  speeds in  th e  deep 
ocean bottom d i f f e r  q u a l i t a t i v e l y  from th o se  in  sedim ents in  shallow  
w ater  (see  Table 2 ) .  We see  from th e  t a b l e  t h a t  bo th  the  com pressional 
and th e  sh e a r  wave in  th e  rock bottom a re  h ig h e r  th a n  the l i q u i d  l a y e r ' s  
sound v e lo c i ty .
The r e l a t i v e  d i f f e r e n c e s  in  the  p h y s ic a l  pa ram ete rs  a l t e r  th e  
v iew po in ts  o f  the  two a c t i v i t i e s .  G ene ra l ly  in  geophysica l  work modal 
behav io r  i s  predominant due to  th e  la rg e  d i s t a n c e s  between s t im u lu s  and 
r e c e iv e r .  In a c o u s t ic  sounding , r e f l e c t e d  waves (g e n e ra l ly  th e  f i r s t  
r e t u r n ) ,  r e f r a c t e d  waves and i n t e r f a c e  waves a re  t h e  s i g n i f i c a n t  e f f e c t s  
p icked  up by s e n s o r s .  The frequency c o n te n t  o f  so ism o lo g ic a l  s t im u l i  
a re  u s u a l ly  a t  th e  low end o f  t h e  spectrum , w h ile  th e  spectrum o f  a 
modulated a c o u s t ic  s ig n a l  i s  ce n te re d  around th e  m odulation frequency . 
H igh-frequency  approxim ations may then be made in  a c o u s t i c a l  work. This 
f a c i l i t a t e s  e v a lu a t io n  o f  i n t e g r a l  e x p re s s io n s  f o r  th e  response  u s in g  
asym pto tic  methods.
The e a r l i e s t  a n a l y t i c a l  work in  th e  g e ophys ica l  a rea  d a te s  back to  
Rayleigh [41] and Lamb [22]. The e a r l y  work was extended and g e n e ra l iz e d  
by, among o th e r s ,  Nakano [36] and Lapwood [27]. J e f f r i e s  [17] f i r s t  
a p p lie d  t o  the  g eophys ica l  f i e l d  th e  complex v a r i a b l e  techn iques  developed 
by Sommerfeld [43] f o r  e le c t ro m a g n e t ic  wave p ro p a g a t io n  problem s. Most 
o f  th e  l a t e r  a n a l y t i c a l  work ( in c lu d in g  t h i s )  has been based on Sommerfeld 's 
approach .
P e k e r is  [38] and P ress  and Ewing [40] i n v e s t i g a t e d  th e  response  due 
to  a p o in t  source in  a l i q u i d  l a y e r  o v e r ly in g  a f l u i d  and s o l i d  h a l f ­
space r e s p e c t i v e ly .  Both n e g le c te d  th e  e f f e c t  o f  b r a n c h - l in e  i n t e g r a l s ,
7Table 2 E lastodynam ic Wave P ropaga tion  Param eters  f o r  the
Ocean F loo r  (Rock) (From Ewing, e t . a l .  [5 ] ,  p . 162)
Type o f
Bottom ^1/^0 c l /  ct  cf / cq C\ J cq
G ra n ite  2 .5  2 2
B a s a l t i c  3 .0  V I "  3 3 V F
8be ing  p r im a r i ly  i n t e r e s t e d  in  th e  modal o r  w avegu ide- like  p a r t  o f  the  
re sp o n se .  Honda and Nakamura [15] e v a lu a te d  th e  branch l i n e  i n t e g r a l s  
f o r  th e  problem t r e a t e d  by P ress  and Ewing. These i n t e g r a l s  correspond 
t o  r e f l e c t e d  and r e f r a c t e d  waves.
The t r a n s m is s io n  o f  e l a s t i c  waves through m u l t i - l a y e r e d  media has 
been d isc u sse d  f o r  t h e  plane-wave case by Thomson [53] and H askell  [13]. 
Thomson developed a m a tr ix  method t h a t  could be a p p l ie d  to  an a r b i t r a r y  
number o f  l a y e r s  u s ing  a r e c u r re n c e  r e l a t i o n .  H askell  l a t e r  removed an 
unnecessa ry  r e s t r i c t i o n  appear ing  in  Thomson's form alism  and computed 
group v e l o c i t i e s  f o r  s e v e r a l  assumed models o f  th e  e a r t h ' s  c r u s t .  
J a rd e tz k y  [16] developed e x p re s s io n s  f o r  the  p e r io d  eq u a tio n  and the  
response  due to  a p o in t  source  in  an n - la y e re d  e l a s t i c  h a l f s p a c e .  
( J a r d e tz k y 's  t re a tm e n t  a l s o  appears in  Reference [ 6 ] ] .
B. S tatem ent o f  th e  Problem
The purpose  o f  t h i s  i n v e s t i g a t io n  i s  to  develop e x p re s s io n s  f o r  
th e  p o in t - s o u rc e  a c o u s t i c  response  in  a l iq u i d  l a y e r  o v e r ly in g  a laye red  
s o l i d  h a l f s p a c e .  The r e s u l t s  a re  t o  be developed s y s te m a t ic a l ly  from 
fundam ental p r i n c i p l e s .  To keep th e  d i s c u s s io n  as genera l  as p o s s ib l e ,  
e x p re s s io n s  a re  developed  in  a frequency  domain. The F o u r ie r  s y n th e s i s  
f o r  s p e c i f i c  in p u t  p u ls e  shapes in  th e  tim e domain i s  r e l a t i v e l y  
s t r a ig h t f o r w a r d  and does n o t  in t ro d u c e  any new fundamental i n s i g h t  in to  
t h e  problem.
The s o l i d  h a l f s p a c e  i s  assumed to  c o n s i s t  o f  an a r b i t r a r y  number 
o f  p a r a l l e l  h o r i z o n t a l  l a y e r s .  Each l a y e r  i s  assumed to  be a l i n e a r  
homogeneous i s o t r o p i c  e l a s t i c  s o l i d  w ith  superimposed damping; e . g . ,  a 
Voigt v i s c o e l a s t i c  model. The frequency-domain response  i s  t o  be
9c a lc u la t e d  f o r  va lues  o f  p h y s ic a l  param eters  co rrespond ing  t o  t y p i c a l  
m arine sedim ents  (see Table 1 ) .  The response  w i l l  be i n t e r p r e t e d  
p h y s ic a l ly  and compared w ith  th e  r e s u l t s  o f  e a r l i e r  i n v e s t i g a t o r s .
C. Method o f  Approach
The o v e r a l l  approach t o  the  problem i s  a n a l y t i c a l .  Approxima­
t io n s  and s im p l i f i c a t i o n s  based on p h y s ic a l  arguments a re  made t o  f a c i l i t a t e  
d i s c u s s io n  in  cases  where a n a ly t i c a l  com plex ity  p re c lu d e s  a g en e ra l  
t r e a tm e n t .  An e f f o r t  has been made to  develop r e s u l t s  in  th e  most 
g e n e ra l  form, a f t e r  which s im p l i f i c a t i o n s  and s p e c i a l  cases  a re  d isc u sse d .
In Chapter I I  we d e r iv e  th e  dynamic eq u a tio n s  f o r  v i s c o e l a s t i c  
s o l i d .  The eq u a tio n s  a re  developed from fundamental c o n se rv a t io n  laws 
and thermodynamical c o n s id e r a t io n s .  S u i ta b le  c o n s t i t u t i v e  r e l a t i o n s  a re  
developed. L in e a r iz a t io n  i s  a p p l ie d  based  on sm all d i s tu rb a n c e s  from a 
uniform  e q u i l ib r iu m  s t a t e .
Chapter I I I  i s  devoted  t o  the  s im p l i f i c a t i o n  o f  t h e  v e c to r  f i e l d  
e q u a t io n s  de r ived  in  th e  p reced in g  c h a p te r .  The v e c to r  f i e l d  equa tions  
a re  broken down i n to  lo n g i tu d in a l  and t r a n s v e r s e  p a r t s  and th e  F o u r ie r  
t ra n s fo rm  in tim e i s  a p p l ie d .  S o lu t io n s  to  th e  v e c to r  f i e l d  equa tions  
a re  developed u s in g  s c a l a r  p o t e n t i a l  f u n c t io n s .  F in a l ly  th e  s t r e s s  and 
d isp lacem ent f i e l d s  a re  exp ressed  in  term s o f  th e  s c a l a r  fu n c t io n s .
The f i e l d  e x c i t a t i o n  in  th e  l i q u i d  l a y e r  i s  developed u s in g  a p o in t  
source  model.
In Chapter IV the  boundary value problem f o r  th e  g en e ra l  n - la y e re d  
s o l i d  h a lf s p a c e  w ith  an o v e r ly in g  l i q u i d  l a y e r  i s  so lv e d  u s in g  a m atr ix  
form alism  combined w ith  a r e c u r re n c e  r e l a t i o n .  I n t e g r a l  t ran s fo rm  methods 
a re  a p p l ie d ,  en ab lin g  th e  boundary c o n d i t io n s  to  be e v a lu a te d  as a lg e b r a ic
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e x p re s s io n s  in  th e  t ra n s fo rm  domain. The response  i s  exp ressed  as a 
G re e n 's  fu n c t io n  in  i n t e g r a l  form.
S pec ia l  cases  o f  t h e  G reen 's  fu n c t io n  a re  e v a lu a te d  in  Chapters  V 
and VI. The homogeneous s o l i d  h a l f s p a c e  w ith  o v e r ly in g  l i q u i d  l a y e r  i s  
t r e a t e d  in  Chapter V. Chapter VI i s  concerned w ith  th e  l i q u i d  h a l f s p a c e  
ove r  a homogeneous s o l i d  h a l f s p a c e .  In bo th  c h a p te rs  approxim ate 
e x p re s s io n s  f o r  th e  frequency  domain G reen 's  fu n c t io n s  a re  o b ta in e d  u s in g  
a sym pto tic  te c h n iq u e s .
F in a l ly ,  in  Chapter VII th e  r e s u l t s  a re  summarized and compared w ith  
p re v io u s  r e s u l t s .  New r e s u l t s  a re  d isc u s s e d  and i n t e r p r e t e d  p h y s ic a l ly  
where p o s s ib l e .
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I I .  THE DYNAMIC FIELD EQUATIONS
The dynamic f i e l d  e q u a t io n s  a re  d e r iv e d  f o r  waves p ro p ag a t in g  in  
e l a s t i c  and damped e l a s t i c  m edia. The u su a l  c o n se rv a t io n  laws a re  
w r i t t e n  and l i n e a r i z e d .  S u i t a b l e  c o n s t i t u t i v e  r e l a t i o n s  a re  developed 
f o r  sm all  d i s tu rb a n c e s  from an e q u i l ib r iu m  s t a t e .  F i n a l l y ,  th e  dynamic 
f i e l d  e q u a t io n s  a re  developed by combining th e  l i n e a r i z e d  co n se rv a t io n  
laws w ith  th e  c o n s t i t u t i v e  r e l a t i o n s .
Much o f  th e  d i s c u s s io n  and development in  t h i s  c h a p te r  uses  th e  
C a r te s ia n  t e n s o r  n o ta t io n  f o r  convenience. L a te r ,  a  c u r v i l i n e a r  coor­
d in a te  system  i s  in tro d u c ed  due to  symmetries e x i s t i n g  in  th e  f i e l d .
The C a r te s ia n  t e n s o r  n o t a t io n  i s  used in  th e  development o f  th e  f i e l d  
eq u a tio n s  due t o  th e  r e l a t i v e  ease  o f  computation u s in g  t h i s  r e p re s e n ­
t a t i o n .  F in a l  r e s u l t s  a re  l a t e r  converted  to  an i n v a r i a n t  n o t a t io n  f o r  
use in  th e  o r th o g o n a l  c u r v i l i n e a r  c o o rd in a te  system.
A. Deformation A nalysis
That i s ,  t h e  d isp lacem en t  v e c to r  i s  a f i e l d  q u a n t i t y  d e f in e d  th roughout 
the  E uc lidean  3 -space  x. We d e f in e  th e  d isp lacem en t  as th e  d i s t a n c e  a 
m a te r i a l  p o in t  in  space moves from some o r i g i n a l  undeformed c o n f ig u r a t io n
where X maps th e  p a r t i c l e  i n t o  th e  E uc lidean  3 -space  in  th e  undeformed 
c o n f ig u r a t io n ,  and r '  i s  t h e  p o s i t i o n  o f  th e  same p a r t i c l e  a f t e r  th e  
f i e l d  has undergone a  de fo rm atio n .  We expand r 1 s p a t i a l l y  as fo l lo w s :
We in tro d u c e  a d isp lacem en t  v e c to r  f o r  a continuum as u = u ( x ) .
u ( x , t )  = r ' [ X ( x ) , t ] -  X (x ) , (2 . 1)
(2 .2 )
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where th e  d i f f e r e n t i a t i o n  i s  performed f o r  a f ix e d  p a r t i c l e  and
dx. = x . -  X..
3 3 3
S u b s t i t u t i n g  eq . (2 .2 )  i n t o  (2 .1 )  g ives  f o r  th e  deform ation
3r!
(2 .3 )
For sm all  d isp lacem en ts  one may a ls o  w r i t e  a cha in  r u l e  as fo l lo w s :
3u.
u i  = ^ dxj + * * • , <2 *?>
where th e  q u a n t i t y  (9u^/3Xj) i s  th e  deform ation  g r a d i e n t ,  a seco n d -o rd e r  
t e n s o r .  We may w r i t e  the  deform ation  g r a d i e n t  as fo llow s  from e q s .  (2 .4 )  
and (2 .3 )
3u. 3r'. i  _  x
3x. “ 3x. 
3 3 X •
One may in t ro d u c e  th e  i n f i n i t e s i m a l  s t r a i n  t e n s o r  by ta k in g  th e
symmetric p a r t  o f  th e  deform ation  g r a d ie n t
. 3u. 3u.
£ . . = 2 ^Sx1  + 3x7* 
i l  i  1
(2 .5 )
In a d d i t i o n ,  t h e  v e l o c i t y  v may be in tro d u c e d  by ta k in g  th e  m a te r i a l  
time d e r i v a t i v e  o f  th e  d isp lacem ent
-* d
v = d t  u = U (2 . 6)
Here th e  m a te r i a l  o r  t o t a l  tim e d e r i v a t i v e  i s  i n t e r p r e t e d  in  C a r te s ia n  
n o ta t io n  as
.  K  ) + v*v( ) = i t 5 + V - i i  }d t  3 t  v VL J 3 t  l  3xi





We denote  t h e  r a t e  o f  s t r a i n  t e n s o r  as th e  symmetric p a r t  o f  the  
v e l o c i t y  g r a d ie n t
, 9v. 3v.
K  j  = 2 1 +  3 ^ } • ( 2 -8)
We n o te  t h a t  f o r  i n f i n i t e s i m a l  s t r a i n s ,  th e  r a t e  o f  s t r a i n  t e n s o r  
i s  i d e n t i c a l  t o  th e  t im e d e r i v a t i v e  o f  t h e  s t r a i n  t e n s o r .
L a te r  in  t h e  c h a p te r ,  we ta k e  th e  e lem ents  o f  th e  s t r a i n  t e n s o r  t o  
be i n f i n i t e s i m a l  as t h e  b a s is  f o r  th e  l i n e a r i z a t i o n  o f  th e  govern ing  
e q u a t io n s .  This  im p l ie s  f o r  wave ty p e  p ro p a g a t io n  t h a t  th e  d e fo rm ations  
a re  sm a l l .  That i s ,  i n  wave p ro p a g a t io n ,  th e  d i s tu rb a n c e  i s  l im i te d  t o  
a sm all  reg io n  in  space  ( th e  le n g th  o f  t h e  wave pu lse ) .  Uniform d i s t u r ­
bances l ik e  th e rm al  expansion , which imply la rg e  la rg e  d e fo rm a t io n s ,  a re  
ru le d  o u t .  The d isp lacem en t  u may be taken  as sm all r e l a t i v e  t o  a c h a r ­
a c t e r i s t i c  l e n g th  s c a l e  in  th e  f i e l d ,  such as th e  le n g th  o f  t h e  p ropaga­
t i n g  p u l s e .  The e lem ents  o f  th e  r a t e  o f  s t r a i n  t e n s o r  a re  a l s o  taken  as 
s m a l l ,  which im p l ie s  t h a t  th e  f i e l d  v e l o c i t y  i s  sm all r e l a t i v e  t o  some 
v e l o c i t y  s c a l e  such as a speed o f  sound p ro p ag a t io n  in  th e  medium.
B. C onserva tion  Laws
The medium o r  continuum o f  i n t e r e s t  i s  governed by fo u r  c o n se rv a t io n  
laws. We r e s t r i c t  th e  medium to  be one in  which only  m echan ica l  and thermo­
dynamic e f f e c t s  a re  s i g n i f i c a n t .  In  a d d i t io n ,  we r u l e  out th e  p o s s i b i l i t y  
o f  th e  medium's s u s ta in in g  e i t h e r  a  body couple o r  a c o u p l e - s t r e s s .  In  t h i s  
c a se ,  th e  governing laws a re  th e  c o n se rv a t io n  o f  mass, l i n e a r  momentum, 
a n g u la r  momentum and energy . The c o n se rv a t io n  o f  mass may be w r i t t e n  as
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or in  v e c to r  n o ta t io n
|£ - +  V ( p v )  = 0 ,  (2 .9a)
where p i s  th e  mass d e n s i ty .  The c o n se rv a t io n  o f  l i n e a r  momentum im p lie s  
t h a t
( 4 -  v. - 3 . o .  . = pf. , (2 .10)Kd t  j  i  i j  H j
where a .  . i s  th e  s t r e s s  t e n s o r  and f .  i s  the  body fo rc e  p e r  u n i t  mass.
Equation (2 .10) i s  a ls o  r e f e r r e d  t o  as th e  eq u a tio n  o f  m otion.
The c o n se rv a t io n  o f  angu la r  momentum sim ply r e q u i r e s  t h a t  th e  s t r e s s
t e n s o r  be symm etric , or
a . .  = a . .  ( 2 . 11)
i j  J i
in  th e  absence o f  body couples and couple  s t r e s s e s .  This im p l ie s  t h a t  
only s i x  independen t e lem ents o f  th e  s t r e s s  t e n s o r  e x i s t .
The l a s t  c o n se rv a t io n  law may be w r i t t e n  as
pU - pr + 3 .q. -  a . . = 0 ,  (2 .12)
where U i s  th e  s p e c i f i c  i n t e r n a l  energy , r  i s  th e  h e a t  supply  p e r  u n i t  mass 
and q^ i s  th e  h e a t  f lu x  ( e f f lu x )  v e c to r .  Equation (2 .12) i s  th e  energy 
ba lance  s ta te m e n t .
In a d d i t io n  to  th e  fo u r  c o n se rv a t io n  laws, a g e n e r a l i z a t i o n  o f  th e  
second law o f  thermodynamics may be in t ro d u c e d .  The second law governs 
the  l o c a l  growth o f  en tropy  f o r  e lem ents o f  mass moving w ith  th e  medium.
We use  a t re a tm e n t  based on Sommerfeld [4 4 ], excep t t h a t  we c o n s id e r  th e  
more g e n e ra l  case  where motion o f  th e  medium and m echanical work e f f e c t s  
a re  tak en  i n to  account.
One s t a r t s  by w r i t i n g  the  energy  ba la n c e  s ta te m e n t  f o r  a  r e v e r s i b l e  
p ro c e s s  as fo l lo w s :
dU = 6q - 6W, (2 .13)
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where dU ( th e  change in  i n t e r n a l  energy) i s  a p e r f e c t  d i f f e r e n t i a l ,  6q i s
th e  change in  h e a t  energy and 6W i s  t h e  increm ent o f  work done. A l l  terms
are  p e r  u n i t  mass, and th e  "system" i s  an elem ent o f  mass moving w ith  th e
medium. One in t ro d u c e s  en tro p y  by w r i t i n g  th e  hea t  added as
<5q = T d s , (2 .14)
where T i s  th e  a b so lu te  tem pera tu re  and s i s  t h e  en tro p y  p e r  u n i t  mass.
One may w r i t e  th e  m echanical work term  due to  i n t e r n a l  s t r e s s e s  as
6W = ^ i( f f .  . ) D de. . (2 .15)P i ]  R i j ,
where (P ^ j ) R i s  the  component o f  s t r e s s  a s s o c ia te d  w ith  a r e v e r s i b l e  p r o c e s s .
In g e n e ra l ,  th e  s t r e s s  may be w r i t t e n
a. . = ( a . . ) n  + o .  . 1, (2 .16)
13 v 1 3 ' R  13 *
where cr.^1 i s  th e  component o f  s t r e s s  due to  d i s s i p a t i o n  o r  i r r e v e r s i b l e  
p ro c e s s e s .  S u b s t i t u t i n g  eq s .  (2.14) and (2 .15) i n to  (2 .13)  gives
pdU = pTds + (oi j ) R d e ^  (2.17)
In tro d u c in g  m a te r i a l  time r a t e  d e r i v a t i v e s  f o r  the  d i f f e r e n t i a l s  in  eq. (2.17) 
y i e ld s
pU = pTs + ( a . . ) R e . .  (2 .17a)
One o b ta in s  th e  r a t e  o f  p ro d u c t io n  o f  en tropy  by r e a r r a n g in g  eq. (2 .17a)  as 
f o l l o w s :
pj = i  pU - i  C ^ ),, 8^  C2. 18J
One a p p l i e s  th e  e x p re s s io n  f o r  th e  i n t e r n a l  energy r a t e  from eq. (2 .12) and 
eq. (2 .16) t o  th e  en tropy  p ro d u c t io n  r e l a t i o n  t o  o b ta in :
ps = ^  pr - i  d iv  q + i  a l^  (2 .19)
The h e a t  conduction  term  may be w r i t t e n  as two te rm s ,  g iv in g  f o r  
eq. (2 .1 9 ) :
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Ps + d iv  $ ) = £ £ -  ± ( q .  g rad  T) + ±  L .  (2 .19a)
To i n t e r p r e t  eq. (2 .1 9 a ) ,  we c o n s id e r  a r e v e r s i b l e  p ro c e s s ,  where grad  T = 0
and a !^  = 0 , e .g .  no tem pera tu re  g r a d ie n t  o r  m echanical d i s s i p a t i o n .  In t h i s
c a se ,  eq. (2 .19a)  reduces  to  
m *>■
ps + d iv  (SL) = f i l  (2.19b)
One may i n t e g r a t e  eq. (2.19b) over a mass element w ith  volume V and e n c lo s in g
s u r f a c e  a re a  A.
J sdm + J  3 ^  da = J ^  (2 .20)_d d t
V A V
where dm = pdV and n i s  a u n i t  outward normal v e c to r  from th e  element o f  
s u r f a c e  a r e a  da. One n o te s  t h a t  eq. (2 .20)  i s  a s ta te m e n t  o f  t h e  conserva­
t io n  o f  e n tro p y .  The f i r s t  term  on th e  l e f t - h a n d  s id e  i s  th e  tim e r a t e  o f  
change o f  en tro p y  i n  th e  mass e lem en t,  th e  second i s  th e  e f f l u x  o f  en tropy  
through th e  boundary A and th e  r ig h t -h a n d  s id e  i s  t h e  en tropy  source  term.
We r e c a l l  t h a t  fo r  a  r e v e r s i b l e  p ro ce s s  th e  en tro p y  i s  conserved . Return­
ing  t o  th e  l o c a l  en tropy  p ro d u c tio n  s ta te m e n t  f o r  t h e  i r r e v e r s i b l e  p ro cess  
[eq. ( 2 .1 9 a ) ] ,  one sees  t h a t  th e  l a s t  two terms on th e  r ig h t -h a n d  s id e  
must r e p r e s e n t  l o c a l  en tropy  p ro d u c t io n .  We w r i t e  0 , the  l o c a l  en tropy  
p ro d u c t io n  p e r  u n i t  volume as
8 -  - i 2 C J . gradT) . l o ' j  iih (2.21)
The second law o f  thermodynamics r e q u i r e s  t h a t  the  l o c a l  en tro p y  p ro d u c t io n  
be p o s i t i v e  f o r  an i r r e v e r s i b l e  p r o c e s s ,  o r
0>O. (2 .22)
For a  r e v e r s i b l e  p r o c e s s ,  one has
9 =  0
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from eq . (2 .1 9 b ) .  Each term  on th e  r ig h t -h a n d  s id e  o f  eq . (2 .21)  must be
p o s i t i v e  f o r  an i r r e v e r s i b l e  p r o c e s s ,  s in c e  f o r  a  p ro c e s s  w ith  no m echanical
d i s s i p a t i o n  ( e ^  = 0 ) ,
0 = 0  = _ !  ( $ .  grad T) > o,  (2 .22a)q
and f o r  a p ro cess  w ith  no h e a t  flow (q = 0 ) ,  one has
0 = 0i » = T ° i j  J i j  > 0 ' <2 ' 22b>
From eq s .  (2 .21)  and ( 2 .2 2 ) ,  we have
0 + 0m > 0 q m
and
0 > 0 
q
0 > 0 . m
I f  one a p p l ie s  F o u r i e r ' s  law o f  h e a t  conduc tion , we may w r i te  f o r  th e  
h e a t  f lu x  v e c to r
q = - Kgrad T, (2.23)
where K i s  t h e  c o e f f i c i e n t  o f  h e a t  conduction . The en tro p y  p ro d u c t io n  due 
to  h e a t  conduction  becomes, from eq s .  (2 .22a) and (2 .2 3 ) :
0 = -  (g rad  T ) • (grad  T) > 0. (2 .24)q j .*
From eq. (2 .24)  one sees  t h a t  th e  c o e f f i c i e n t  o f  h e a t  conduction  must be 
p o s i t i v e .
One may o b ta in  a r e l a t i o n  f o r  a!^ ( th e  d i s s i p a t i v e  p a r t  o f  th e  s t r e s s )
by examining the  e n tro p y  p ro d u c t io n  due to  th e  m echanical d i s s i p a t i v e  p ro c e s s ,
e .g .  eq. (2 .2 2 b ) .  I f  one w r i te s  a l i n e a r  r e l a t i o n  between and th e  s t r a i n  
•
r a t e  e . o n e  has 
i j
o ! . = E! . e (2 .25)i j  ljmn mn '
Applying t h i s  to  eq. (2 .22b) g ives
a  q u a d ra t ic  form in  th e  s t r a i n  r a t e  t e n s o r .  Fo r  an i s o t r o p i c  medium, th e
f o u r th - o r d e r  t e n s o r  must a l s o  be i s o t r o p i c  (see  Appendix A ) . One
n o te s  th e  symmetry
Ef = E' ijmn mnij
from th e  q u a d ra t ic  form (2 .2 6 ) .  We w r i t e  f o r  an i s o t r o p i c  medium
e ! .  = X' 6 . .  5 + u ' (6 . 6 . + 6 - 6 . ) .  (2 .27)i jmn  13 mn K am j n  in  jm1 v 1
Applying eq . (2 .27) t o  (2 .25) g ives
a ! . = X' e 00 6 . .  + 2p ' e . . (2 .28)
13 Z Z  13 ^ 1 3 .
I t  i s  conven ien t to  in t ro d u c e  i n to  eq . (2 .28) a bulk  v i s c o s i t y  £ d e f in e d  as
f o l lo w s :
5 = ft—- l iH i  (2 .29)
We w r i te  eq. (2 .28) in  term s o f  t h e  bu lk  v i s c o s i t y  as
- r h j  h J -  ( 2 -28a)
where th e  second term  on th e  r ig h t -h a n d  s id e  i s  t r a c e l e s s .  Now one may w r i te  
th e  s t r a i n  r a t e  t e n s o r  as th e  sum o f  a  n o n - d e v ia to r ic  and a d e v i a t o r i c  ( t r a c e -
l e s s )  component:
_ 2. * • /•  1.
- i j  3 ° i j  Z ZZ  i j  ” 3 ui j
Applying eq s .  (2 .28a)  and (2 .30) t o  eq. (2 .22b) g ives
°m = * 2“ ' (" ij  '  T  5 i j  " U ) 2’ > 0 (2 - 31)
Eq. (2 .31) r e q u i r e s  t h a t
C > o
and y '> 0 ,  s in c e  th e  m echanical en tro p y  p ro d u c t io n  i s  th e  sum o f  two independen t 
q u a d ra t ic  te rm s: one a s s o c i a te d  w ith  d i l a t a t i o n a l  motion (change in  volume)
and th e  o th e r  w ith  s h e a r in g - ty p e  m otion.
One s e e s  t h a t  th e  second law o f  thermodynamics as s t a t e d  in  eq s .  (2 .1 6 ,
19
21 and 22) r e q u i r e s  t h a t  th e  h e a t  conduction  c o e f f i c i e n t  K and th e  v i s c o s i t i e s  
£ and V' be p o s i t i v e .  In a d d i t io n ,  th e  second law y ie ld s  d i r e c t l y  th e  con­
s t i t u t i v e  r e l a t i o n  f o r  th e  d i s s i p a t i v e  p a r t  o f  t h e  s t r e s s  t e n s o r  [eqs . (2 .28) 
o r  ( 2 .2 8 a ) ] .
C. L in e a r iz a t io n  o f  Governing Equations
The type  o f  d i s tu r b a n c e  to  th e  medium we wish t o  ana lyze  i s  a wave 
o r  s e r i e s  o f  waves. We assume t h a t  t h i s  d i s tu rb a n c e  i s  r e l a t i v e l y  weak so 
t h a t  n o n l in e a r  e f f e c t s  a r e  n e g l i g i b l e .  The d is tu rb a n c e  may be cons ide red  to  
be l im i te d  in  e x te n t  s p a t i a l l y .  That i s ,  th e  d is tu rb a n c e  i s  a  wave f ro n t  
due t o  some i n i t i a l  c o n c e n t ra te d  im pulse . We c o n s id e r  t h e  medium to  be a t  
r e s t  and in  an undeformed s t a t e  in  th e  absence o f  the  d i s tu r b a n c e ,  where 
u = 0 and v = 0. The u n d is tu rb e d  tem pera tu re  and d e n s i ty  may be denoted as 
Tq and Pq , r e s p e c t i v e ly .  In  a d d i t io n ,  the  u n d is tu rb ed  f i e l d  i s  assumed to  
be uniform  s p a t i a l l y ,  so t h a t ,  i f  we deno te  the  d i s tu rb a n c e  e f f e c t s  by a 
p rim e, we may w r i te
u = u ' ( x ,  t )  (2 .32)
v = v 1 (x , t )
p = pQ + p' (x, t)
T = Tq + T ' ( x ,  t )
In  eq . (2 .32)  we assumed th e  prim ed q u a n t i t i e s  a re  sm all in  the  
fo llow ing  sen se :
P ' «  P0 
T' «  TQ
v '< <  c 
u '  «  cVt,
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where c i s  a speed o f  p ro p ag a t io n  in  th e  medium, and Vt i s  a t im e s c a le  
such as th e  wave p u ls e  d u r a t io n .  The s t r a i n  t e n s o r  e lem ents and th e  r a t e  
o f  s t r a i n  t e n s o r  e lem ents  a re  a l s o  tak en  as sm a l l ,  o r  
| s . . |  «  1
1‘ i j l  «  w .
We l i n e a r i z e  th e  governing e q u a tio n s  (2 .9 )  and (2 .10) by r e t a i n i n g  only 
f i r s t - o r d e r  terms in  th e  primed q u a n t i t i e s  l i s t e d  i n  eq . (2 .3 2 ) .  Equation 
(2 .9 )  reduces  to
+ pQ V-v = 0. (2.33)
The equa tion  o f  motion [eq . (2 .10)]  reduces  t o  
9v!
P0 ” 3 t “ 3i a i j  = p0f j , C2>34)
where th e  m a te r i a l  t im e  d e r i v a t i v e  reduces  to  a l o c a l  tim e d e r i v a t i v e  due 
to  th e  l i n e a r i z a t i o n ,  or
iL ) - 1L )
3t " d t  *
The v e lo c i ty  may be w r i t t e n  as v = f o r  t h e  l i n e a r i z e d  c a se ,  c o n v e r t in g  
eq .  (2.18) to
( 2 - 34a)
The energy c o n se rv a t io n  s ta te m e n t  [eq. (2 .1 2 ) ]  and th e  en tropy  p ro d u c t io n  
equa tion  (2 .19)  may be l i n e a r i z e d  by r e p la c in g  th e  d e n s i ty  p by and by 
i n t e r p r e t i n g  th e  tim e d e r i v a t i v e s  as l o c a l  d e r i v a t i v e s .
D. C o n s t i tu t iv e  E quations
We wish to  r e l a t e  th e  s t r e s s  t e n s o r  t o  th e  independent v a r i a b le s  
in  the  therm o-m echanical f i e l d .  One may c o n s id e r . th e  d isp lacem en t and i t s  
t im e and s p a t i a l  d e r i v a t i v e s  and th e  tem pera tu re  and i t s  d e r i v a t i v e s  as th e
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independen t v a r i a b l e s .  We w r i t e  th e  s t r e s s  in  f u n c t io n a l  form as fo l lo w s :
a i j  = ° i j  (uk, vk ,  9Huk, V k ,  T ’ 3kT ’ + • * C2 - 35)
One may e l im in a te  t h e  d isp la c em e n t ,  v e lo c i ty  and th e  skew-symmetric p a r t s  
o f  th e  d isp lacem en t  and v e lo c i ty  g ra d ie n ts  from th e  f u n c t io n a l  form by 
r u l i n g  out dependence o f  th e  s t r e s s  on the  r ig id -b o d y  motion o f  t h e  medium. 
Th is  s i m p l i f i e s  eq. (2 .35) t o  th e  fo l lo w in g :
° i j  ■ 5 i j  l £ i i ,  J i t ,  T - 3kt ) - ( 2 - 35a)
The l i n e a r i z a t i o n  [eq. (2 .3 2 )]  im p l ie s  t h a t  th e  s t r e s s  i s  only a fu n c t io n  
o f  th e  ambient tem p e ra tu re  TQ, reduc ing  eq. (2 .35a) to
° i j = %  t e ik ,  h k ,  V -  ( 2 -3Sb)
where th e  tim e d e r i v a t i v e  reduces  t o  a lo c a l  d e r i v a t i v e  f o r  th e  s t r a i n  
r a t e .
We r e c a l l  from th e  thermodynamic d i s c u s s io n  t h a t  s t r e s s  was broken
i n t o  a  r e v e r s i b l e  p a r t  and a d i s s i p a t i v e  p a r t  [eq. ( 2 .1 6 ) ] :
a . . = Co.  . )  + a ! .ui j  v i ;TR i j .
A  c o n s t i t u t i v e  r e l a t i o n  has a lre ad y  been o b ta in e d  as a consequence o f  th e
second law o f  thermodynamics fo r  th e  d i s s i p a t i v e  p a r t  o f  th e  s t r e s s  [eqs .
(2 .28  and 2 8 a ) ] .  A ll  t h a t  remains i s  to  o b ta in  a c o n s t i t u t i v e  r e l a t i o n
f o r  th e  r e v e r s i b l e  component " e r e f e r  to  t h e  energy b a lan ce
s ta te m e n t  f o r  a r e v e r s i b l e  p rocess
dU = 5q - 6W. (2 .13)
S e t t i n g  th e  h e a t  increm ent t o  zero  and in t r o d u c in g  eq. (2 .15) t o  e q . (2 .1 3 )
g ives
dU =-dW = -  ( o . . ) _  d e . .p v i j -'R i j  (2 .36)
L in e a r iz in g  t h i s  by w r i t i n g  P = PQ gives
P0dU = + Cai j }R dEi j  i 2 ' 3 ? )
One sees  t h a t  th e  l e f t - h a n d  s id e  o f  eq. (2 .37)  i s  t h e  s t r a i n  o r  d e fo r ­
mation energy s to r e d  p e r  u n i t  volume, and dU must be a p e r f e c t  d i f f e r e n t i a l  
f o r  a r e v e r s i b l e  p ro c e s s .  I f  th e  r ig h t -h a n d  s id e  o f  eq. (2 .37)  i s  to  be a 
p e r f e c t  d i f f e r e n t i a l ,  one may w r i t e  th e  s t r e s s  as a l i n e a r  f u n c t io n  o f  th e  
s t r a i n
( a . .) = E . . E (2.38)i j  R ijmn mn.
Applying t h i s  r e l a t i o n  to  eq . (2 .37) gives
P dU = E. . e de. . (2 .39)o ijmn mn i j
Formally i n t e g r a t i n g  eq. (2 .39) g ives
P U = - k .  . e e. . (2 .40)o 2 ijmn mn i j ,
a q u a d r a t i c  in  th e  s t r a i n  t e n s o r .  The i n t e g r a t i o n  c o n s ta n t  Uo i s  s e t  to
zero  f o r  zero  s t r a i n .  The q u a d r a t i c  form o f  eq. (2 .40)  im p l ie s  the
fo llow ing  symmetry:
F — J£
'ijmn m n ij .
We a re  i n t e r e s t e d  in  an i s o t r o p i c  medium, so we may w r i t e  in  a manner
analogous t o  eq. (2 .27) the  fo llow ing
E . . = A6 . . 6 + y ( 6 . 6 . + 6 . 6 . ) ,  (2,41)ijmn i j  mn lm jn  m  jm' *
where A and y a re  Lame c o n s ta n t s .  We s u b s t i t u t e  t h i s  r e s u l t  i n to
eq. ( 2 .3 8 ) ,  g iv ing
( a . . ) n  = 6 . .  + 2y e . . (2 .42)v i j ' R  ZZ  i ]  ^ 13
For th e  i s o t r o p i c  medium, eq. (2 .40)  f o r  th e  i n t e r n a l  energy due to  d e fo r ­
mation becomes:
P0U = \  U ( e u ) 2 + 2y ( e . . ) 2] (2 .43)
One n o te s  from eq. (2 .37) t h a t  th e  r e v e r s i b l e  p a r t  o f  th e  s t r e s s  i s  r e l a t e d  
to  a thermodynamic d e r i v a t i v e  as fo l lo w s :
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where th e  d e r i v a t i v e  i s  taken  f o r  c o n s ta n t  en tro p y ,  s in c e  we r e s t r i c t e d  
6q = Tds t o  be ze ro .  The Lam6 c o n s ta n ts  X and y in  eq . (2 .42) a re  then  
taken f o r  a d i a b a t i c  defo rm ations  ( e . g . ,  no h e a t  c o n d u c tio n ) .
We summarize by w r i t in g  the  s t r e s s  t e n s o r  in  i t s  most g e n e ra l  form 
from eqs. ( 2 .1 6 ) ,  (2 .28) and (2 .42) as fo l lo w s :
Equation (2 .45)  i s  th e  c o n s t i t u t i v e  r e l a t i o n  f o r  a damped ( v i s c o e l a s t i c )  
i s o t r o p i c  l i n e a r  s o l i d  undergoing  sm all de fo rm atio n s .  The c o n s t i t u t i v e  
r e l a t i o n  f o r  th e  e l a s t i c  s o l i d  may be o b ta in e d  from eq. (2 .45) by s e t t i n g  
the d i s s i p a t i v e  term s to  z e ro ,  o r
S im i la r ly ,  th e  c o n s t i t u t i v e  r e l a t i o n  f o r  th e  undamped l iq u i d  may be 
ob ta ined  by s e t t i n g  both  th e  r i g i d i t y  y to  zero in  eq . (2 .45) and th e  
damping t e r m s ,y ie ld in g
R eca ll ing  th e  u su a l  r e l a t i o n  between th e  p re s s u r e  f l u c t u a t io n  f o r  an 
i n v i s c id  l i q u i d  and th e  s t r e s s :
That i s ,  t h e  p r e s s u r e  f l u c t u a t i o n  i s  p r o p o r t io n a l  t o  th e  a d i a b a t i c  volume 




y '  = 0.
(2 .46)
(2 .47)
one sees  t h a t
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One may o b ta in  th e  l i n e a r i z e d  e q u a tio n s  o f  motion f o r  th e  
v i s c o e l a s t i c  s o l i d ,  th e  e l a s t i c  s o l i d  o r  t h e  i n v i s c id  f l u i d  by 
s u b s t i t u t i n g  th e  a p p ro p r ia te  c o n s t i t u t i v e  r e l a t i o n  in to  th e  
momentum c o n se rv a t io n  e q u a t io n  (2 .3 4 a ) .  For th e  v i s c o e l a s t i c  s o l i d ,  
we use th e  c o n s t i t u t i v e  e q u a t io n  (2 .4 5 ) ,  g iv in g
po^ u . - [(X + y)+(A' + y - ^ a . a ^  - [y + y a ^ a . a . u .  = pQf .  (2 .48)
o r ,  in  v e c to r  n o t a t io n
Pq3^u - [(X + y)+(X* + y ' ) a t ]V(V-u) - (y + y*at )V2u =pQl .  (2 .48a)
2
Now ^ o p e ra t in g  upon a v e c to r  i s  no t an i n v a r i a n t  v e c to r  form [44].
I n s te a d ,  i t  must be i n t e r p r e t e d  as an o p e ra to r  o f  th e  form:
V2 ( ) = W «( ) - Vx(Vx( ) ) .  (2 .49)
Using t h i s  i d e n t i t y  a llow s us to  exp ress  eq . (2 .48) in  an i n v a r i a n t  
form:
p0a2u - [ (A+2y) + (X1 + 2 y ' ) a t ]V(V-u) + [y + y '3 ^  Vx(VxS) = pQf  . (2 .50)
The e q u a tio n  o f  motion f o r  the  l i n e a r  i s o t r o p i c  e l a s t i c  s o l i d  i s  
o b ta in e d  as a s p e c i a l  case  o f  eq. (2 .50) by s e t t i n g  the  damping terms 
to  z e ro ,  o r
X' = 0
and
y '  = 0.
Applying th e  c o n s t i t u t i v e  r e l a t i o n  f o r  th e  i n v i s c id  l i q u i d  [eq. (2 .47)]
t o  th e  l i n e a r i z e d  e q u a tio n  o f  motion (2 .34a)  g iv e s :  
z
P° ^ + V p ' = po? .  (2 .51)
One may m an ipu la te  eq. (2 .51)  i n to  th e  a c o u s t i c  wave e q u a tio n  as fo l lo w s .
The p r e s s u r e  p i s  w r i t t e n  as a fu n c t io n  o f  th e  d e n s i ty  and en tropy  
( e . g . ,  th e  therm o-m echanical e q u a t io n  o f  s t a t e ) :
p = p ( p , s ) .  (2 .52)
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We expand eq. (2 .52) about the  ambient s t a t e  P0 >P0 >S0 as fo l lo w s :
P = Pc  * (I?) (»-»„) ♦ C|EOCO-P0J * • ■ • (2.52a)
From t h i s  expansion and eq. (2 .32 )  one may exp ress  the  p r e s s u r e  f l u c t u a t io n  
as
p' ‘  ' l l V '  * t5p) s p' + • • • (2-53)
For an a d ia b a t i c  (and i s e n t r o p i c )  p r o c e s s ,  we w r i te
P ’ = C ^ P -  (2 .53a)
The a d ia b a t i c  sound v e l o c i t y  cq i s  de f ined  in  terms o f  th e  therm o­
dynamic d e r i v a t i v e  as  fo l lo w s :
co2 ■ ‘| > s .  ( 2 ' 54)
Applying eq s .  (2 .54)  and (2 .53a)  to  eq. (2 .51) g ives
P03t “ * Po'7p' ■ V -  (2.55D
Equation (2 .55)  may be w r i t t e n  i n  a wave o p e ra to r  form a f t e r  app ly ing  th e  
l i n e a r i z e d  e q u a tio n  o f  c o n t i n u i t y
3t P' + P0V’ (3t u) = 0 .  (2 .33)
Taking th e  d ivergence  o f  eq. (2 .55 )  g ives
P0^ (V * u )  + CqV2P - = pQV .f  . (2 .56)
The d ivergence  o f  u i s ,  from eq . (2.33)
V*u = -  ~  P 1 .
0
We e l im in a te  V»u from eq. ( 2 .5 6 ) ,  g iv in g  
, 1 S2p \  _ p0V*? .
(V P " - 2  7 $ ^  " “ 2“  (2,57)
c0 3 t  C0
Equation (2 .57)  i s  a s c a l a r  inhomogeneous wave e q u a tio n  in  p ' ,  t h e  d e n s i ty  
f l u c t u a t i o n .  This i s  t h e  c l a s s i c a l  r e s u l t  o f  t h e o r e t i c a l  a c o u s t i c s  [24], 
[34]. We see  he re  how th e  wave o p e ra to r  i s  developed from a thermodynamic 
s t a t e  e q u a t io n  f o r  t h e  p r e s s u r e  and from th e  l i n e a r i z a t i o n  p ro c e s s .
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I I I .  SIMPLIFICATION OF THE VECTOR FIELD EQUATIONS
In th e  p rev io u s  c h a p te r ,  l i n e a r i z e d  v e c to r  f i e l d  e q u a t io n s  
were developed f o r  th e  s o l i d  medium (2 .50) and f o r  th e  i n v i s c id  
f l u i d  (2 .5 1 ) .  The f i e l d  e q u a t io n s  a re  s im p l i f i e d  in  t h i s  c h a p te r  
u s in g  techn iques  developed by Hansen (a d i s c u s s io n  o f  th e s e  appears 
in  Morse and Feshbach [32]) f o r  e le c t ro m a g n e t ic  wave p ro p ag a t io n  
problem s. The a p p l i c a t i o n  o f  th ese  tec h n iq u es  to  wave p ro p ag a t io n  
in  l i n e a r i z e d  s o l i d s  i s  due t o  A. Y i ld iz  [58]. A f te r  s im p l i fy in g  
th e  f i e l d  eq u a tio n s  f o r  th e  s o l i d  to  s c a l a r  Helmholtz e q u a t io n s ,  
a G reen 's  fu n c t io n  form alism  i s  in tro d u c ed  to  model the  a c o u s t i c  
f i e l d  ( the l i n e a r i z e d  i n v i s c i d  f l u i d )  due t o  the  monopole type  
o f  e x c i t a t i o n .
A. The E l a s t i c  S o l id
We w r i te  th e  f i e l d  eq u a tio n  f o r  th e  e l a s t i c  s o l i d  from 
eq . (2 .5 0 )as
This  i s  in  an i n v a r i a n t  form, so i t  a p p l i e s  to  any o r thogona l c u r v i ­
l i n e a r  o r  C a r te s ia n  c o o rd in a te  system. Taking th e  d ivergence  o f  
eq. (3 .1 )  g ives
where the  second term  in  eq . (3 .1) drops out because  V*Vx( ) = 0. 
We m an ipu la te  eq. (3 .1a)  i n t o  the  form
Pq3^u + y[Vx(Vxu)] - (X+2y)V(V*u) = pQf (3 .1 )




o  i O il
c T = ■ ■ -- , and c. i s  th e  lo n g i tu d in a l  sound v e l o c i t y .
0
We n o te  t h a t  s in c e  th e  d ivergence  o f  a v e c to r  i s  a s c a l a r ,  eq . (3 .1b)  
i s  a s c a l a r  inhomogeneous wave eq u a tio n .
Taking th e  c u r l  o f  eq . (3 .1 )  g ives
[pQ^  + yVxVx] (Vxu) = pQVxf, (3 .2)
where we have used th e  r e s u l t  c u r l  g rad  ( ) = 0 . One w r i te s  eq. (3 .2 )  
in  th e  fo llow ing  form:
[VxVx + ~  32](VxS) = (Vx?), (3 .2a)
cT c ,^
2
where c^ , = M/Pq » an^ cT is the transverse velocity.
R e c a l l in g  eq. (2 .49)  one n o te s  t h a t  eq. (3 .2 a )  can be w r i t t e n  as 
a v e c to r  wave eq u a tio n
[V2 - 32](Vxu) = - \  (Vxf) (3 .2b)
c“ Cy
I t  i s  conven ien t  a t  t h i s  p o in t  to  decompose th e  d isp lacem ent 
v e c to r  and the  body f o rc e  v e c to r  i n to  lo n g i tu d in a l  and t r a n s v e r s e  
p a r t s  as fo l lo w s :
u = uL + UT
f  = f L + f T,
(3 .3 )
where th e  s u b s c r ip t  L r e f e r s  t o  th e  lo n g i tu d in a l  component and T to  
th e  t r a n s v e r s e .  We s e t
V-uT = 0 , V-?T = 0
VxuL -  0 ,  Vx?L = 0 (3 .4 )
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The lo n g i tu d in a l  f i e l d  i s  th en  d e f in ed  as th e  c u r l - l e s s  component 
and th e  t r a n s v e r s e  as th e  d iv e rg e n c e - le s s  p a r t .  Equations (3.1b) and 
(3.2b) may be w r i t t e n
[V2 - ~ 2  32 ](V-ul ) = - (V-fL) (3 .5 )
CL CL
[VxVx + ± 2  a2] (VxuT) = + ± 2  (VxfT) (3 .6 )
c ,^ cT
Eqs. (3 .5 )  and (3 .6 )  show why c^ was termed th e  l o n g i tu d in a l  and 
c,p the  t r a n s v e r s e  sound p ro p ag a t io n  speed. The lo n g i tu d in a l  component 
o f  the  f i e l d  p ropaga tes  a t  speed c^ and th e  t r a n s v e r s e  a t  c^,. We r e ­
c a l l  t h a t  t a k in g  th e  d ivergence  o f  th e  f i e l d  e q u a t io n  (3 .1 )  a n n ih i ­
l a t e d  the  t r a n s v e r s e  component o f  th e  f i e l d  and, s i m i l a r l y ,  t a k in g  th e  
c u r l  e l im in a te d  th e  lo n g i tu d in a l .  Taking th e  d ivergence  and c u r l  o f  a 
v e c to r  f i e l d  s e p a ra te s  th e  f i e l d  i n to  lo n g i tu d in a l  and t r a n s v e r s e  
p o l a r i z a t i o n s .
We m anipula te  eqs. (3 .5 )  and (3 .6) as fo llow s:
V- [ (V2 - ^  9J \  f  L] = 0 (3 .5a)
CL CL
VxfVxCVxUj,) + ^2 ” ~ 2  ^T^ = ° (3 .6a)
Cip C,j,
We may a ls o  w r i t e ,  from eq. ( 3 .4 ) , :
Vx[(V2 -  ~  82)u l  + I j  \ ]  = 0 (3 ' 5b)
CL CL
V* [VxfVxOj.) + I j  9t^T " W  = 0 (3,6b;)
C ij, Cfji
From v e c to r  a n a ly s i s ,  we know t h a t  i f  bo th  th e  d ivergence  and c u r l  o f  a 
v e c to r  f i e l d  v a n ish e s ,  then  th e  f i e l d  i t s e l f  must v an ish .  The q u a n t i t i e s
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i n s id e  th e  b ra c k e ts  i n  eqs . (3 .5a  and b) and (3 .6a  and b )  must v a n ish ,  
lea v in g
- T -  9t l V  -  - M l ^
and CL CL
[VxVx + I j  3 ^  = ^ f T _ (3 .8)
c ,^ cT
Both o f  th e s e  a re  now v e c to r  wave e q u a t io n s ,  and we no te  t h a t  the
2 2 V o p e ra to r  i n  eq. (3 .7 )  must be i n t e r p r e t e d  as V = VV*( ) from
eq. (2 .4 9 ) ,  s in c e  i t  o p e ra te s  on a lo n g i tu d in a l  f i e l d .
In t r o d u c t io n  o f  F o u r ie r  Transform in  Time
Equations (3 .7  and 8) a re  d i f f e r e n t i a l  forms i n  space and 
t im e. S o lu t io n s  a re  o b ta in e d  more e a s i l y  by t ra n s fo rm in g  in  tim e f i r s t .  
This reduces th e  d i f f e r e n t i a l  form to  an a lg e b r a ic  form in  th e  t ra n s fo rm  
(frequency) domain. One in t ro d u c e s  th e  fo llow ing  F o u r ie r  t ran sfo rm  
p a i r :
f  °°




n r  1 11 
„ F(“ )e
f ( t )  ■ / F (u )e i “ t dai (3 .9b)
Here F(to) i s  th e  t ra n s fo rm  o f  f ( t )  and a) i s  the  frequency . The second
r e l a t i o n  i s  t h e  in v e r s e  t r a n s fo rm a t io n .  From eq. (3 .9b)  one sees  t h a t
d i f f e r e n t i a t i o n  in  tim e  i s  e q u iv a le n t  to  m u l t i p l i c a t i o n  by iw i n  the
frequency domain, o r
f ( t ) - w  F(u>) 
and a
3 t " - Ci“ ) •
One may t ra n s fo rm  eq s .  (3 .5 ,  6 ,  7 and 8) as fo llow s:
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(3 .5c)
[VxVx - k^KVxtij.) = I j  (VxfT) (3 .6c)
(3 ,7a)
[VxVx - k2 ]Up = I j
r> *
(3 .8a)
where k^ = w/c^, kT = to/c^, a re  th e  lo n g i tu d in a l  and t r a n s v e r s e  v;ave- 
numbers, r e s p e c t iv e ly .  The f i e l d  q u a n t i t i e s  u and f  a re  now understood  
to  be fu n c t io n s  o f  to in s t e a d  o f  time t ,  o r
S o lu t io n s  to  th e  Homogeneous Vector Equations
We w r i te  th e  homogeneous forms f o r  th e  transform ed  f i e l d  
equa tions  by s e t t i n g  th e  body fo rc e  f  to  zero . In g e n e ra l ,  no body 
fo rces  a c t  in  a sim ple therm o-m echanical f i e l d .  L a te r ,  we in t ro d u c e  a 
f i e l d  e x c i t a t i o n  in  th e  l i q u i d  medium by co n s id e r in g  ?  to  be concen­
t r a t e d  in  a small re g io n  o f  space . The s o l i d  medium, however, does not 
have any d i r e c t  e x c i t a t i o n ,  so th e  f i e l d  i s  d e sc r ib ed  by homogeneous d i f ­
f e r e n t i a l  forms in  space .  We reduce eqs . ( 3 .5 c ) ,  ( 3 .6 c ) ,  (3 .7a)  and 
(3 .8a)  t o  t h e  fo llow ing :
u = u (x ,  to)
and f  = f ( x ,  (0) .
(V2 + k2)V*uL = 0
2 2 ->•Or  + k *)u L = o (3 .10a)
(3.10)
(VxVx -  k2)(VxuT) = 0 
(VxVx - k2) ^  = 0 (3.11a)
(3 .11)
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S o lu t io n s  to  eqs . (3 .10a) and (3 .11a) may be w r i t t e n  as in  th e  c l a s ­
s i c a l  e le c tro m ag n e t ic  th eo ry  [3 2 ] as
u L = Vcf.L (3.12)
and
Up = VxA , (3.13)
where i s  a s c a l a r  p o t e n t i a l  and A i s  a v e c to r  p o t e n t i a l .  One u s u a l ly  
imposes on th e  v e c to r  p o t e n t i a l  th e  fo llow ing  c o n d i t io n
V*A = 0 (3.14)
to  e l im in a te  th e  p o s s i b i l i t y  o f  a component o f  t. being  th e  g ra d ie n t  o f  
a n o th e r  s c a l a r  fu n c t io n .  I f  one w r i te s
t  = t' + V$ *
where V*^' = 0 , th e  d ivergence  o f  A becomes
V ‘ t  = v2$ .
The Vz4> term does no t c o n t r ib u te  t o  th e  s o lu t i o n ,  eq. (3 .13), s in c e  c u r l  
grad $ = 0. The c o n d it io n  (3 .14) e l im in a te s  t h i s  am biguity .
Turning to  th e  lo n g i tu d in a l  f i e l d  f o r  the  p r e s e n t ,  we re a r ra n g e  
eq. (3 .10a)
*  m ^ L  (3 . io b )L , Z
L
S u b s t i t u t i n g  eq. (3.12) i n to  th e  l e f t - h a n d  s id e  o f  t h i s  g ives
VWL + " T  = 0 * (3 ‘ 15)
k L
I n te g r a t i n g  t h i s  r e s u l t  gives
♦ ,(x , w) -  -  i j  * *0 (u) , (3 .15a)
k L
where <J>q (w) i s  uniform s p a t i a l l y ,  and may be s e t  t o  zero  w ith  no lo ss  in  
g e n e r a l i t y  because we want s o lu t io n s  t h a t  vary s p a t i a l l y .  S u b s t i t u t i n g
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t h i s  r e s u l t  i n t o  eq. (3 .10) shows t h a t  <j>^ s a t i s f i e s  th e  fo llow ing  
s c a l a r  Helmholtz equa tion  :
(V2 + k2)<f>L = 0 (3.16)
One sees t h a t  th e  l o n g i tu d in a l  f i e l d  i s  th e  g ra d ie n t  o f  a s c a l a r  
fu n c t io n  which i s  o b ta in e d  by s o lv in g  a Helmholtz e q u a tio n .
Looking a t  th e  t r a n s v e r s e  f i e l d ,  we see  t h a t  the  v e c to r  p o t e n t i a l
This shows t h a t  i f  a t r a n s v e r s e  v e c to r  s a t i s f y i n g  eq. (3 .11a) can be 
found, the  c u r l  o f  th e  v e c to r  i s  a l s o  a s o lu t io n .  This v e r i f i e s  t h a t  
eq. (3 .13) i s  a s o lu t io n  to  eq. (3 .1 1 a ) .
f u r t h e r ,  we must s p e c i fy  th e  c o o rd in a te  system to  be used . A c y l i n d r i c a l  
( r , z , 0 )  system i s  u sed , where z i s  th e  v e r t i c a l  a x i s .  This i s  th e  most 
convenient s in c e  th e  boundaries  l i e  in  the  ( r -0 )  p lane  [F igure  ( 1 ) ] ,  and 
we expect to  have symmetry in  th e  p o l a r  coo rd ina te  0 due to  th e  type  o f  
f i e l d  e x c i t a t i o n .
Following the  d i s c u s s io n  in  Morse and Feshbach [3 2 ] ,  we exp ress  the  
v e c to r  p o t e n t i a l  as
where <f>^ g i s  a s c a l a r  f u n c t io n .  The s u b s c r ip t  HS denotes t h i s  s o lu t io n  
as a " h o r iz o n ta l  sh e a r"  ( t r a n s v e r s e )  wave. We see  from eq. (3 .13) t h a t  
th e  d isp lacem ent o f  th e  HS p o l a r i z a t i o n  i s  in  the  r - 0  (h o r iz o n ta l )  
p la n e .  The c o n d i t io n  (3 .14) r e q u i r e s  t h a t
I  i s  a  s o lu t io n  o f  eq. (3 .11a) p rov ided  V*X = 0, o r
(VxVx - k2) t  = 0.
We wish t o  f in d  e x p re s s io n s  f o r  t h e  v e c to r  p o t e n t i a l  t . .  To proceed
(3.17)
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V*^hs = kT _^HS _ 
d  Z
o r
'MS = THS (3.17a)
From the  d i s c u s s io n  above, we know t h a t  i f  th e  form (3 .17) i s  a 
s o lu t io n  to  th e  t r a n s v e r s e  f i e l d ,  th e  c u r l  o f  i t  i s  a l s o ,  o r
where (fj g^ i s  a n o th e r  s c a l a r  p o t e n t i a l  f u n c t io n .  The VS d e s ig n a t io n  
im p l ie s  t h a t  th e  s o lu t io n  i s  a " v e r t i c a l  sh e a r"  wave. This i s  ev id e n t  
due t o  th e  c u r l  o p e r a t io n .  The kT f a c t o r  has been in tro d u c ed  in  eq.
(3 .17) to  g ive  (bjjg and <J>yg th e  same d im ensions.
IVe need only  v e r i f y  t h a t  s o lu t io n  (3.17) s a t i s f i e s  t h e  f i e l d  
e q u a t io n .  We s u b s t i t u t e  eq. (3 .17)  i n to  eq . ( 3 .1 1 a ) ,  u s in g  c o n d i t io n  
(3 .14)  to  g ive
where eq . (2 .49) has been used. The s c a l a r  fu n c t io n  f o r  th e  IIS 
p o l a r i z a t i o n  must s a t i s f y  th e  Holmholtz o p e ra to r  (3 .19) i f  (3 .17) 
i s  to  be a s o lu t io n  to  th e  t r a n s v e r s e  f i e l d .  The same c o n d i t io n  
must apply  to  the  VS p o l a r i z a t i o n  i f  i t  i s  t o  be a s o l u t i o n ,  o r
To summarize, we have reduced  th e  e l a s t i c  f i e l d  eq u a tio n  i n t o  
t r a n s v e r s e  and lo n g i tu d in a l  p o l a r i z a t i o n s .  S o lu t io n s  f o r  both have 
been o b ta in e d  in  term s o f  s c a l a r  fu n c t io n s  s a t i s f y i n g  Helmholtz 
e q u a t io n s .  The t r a n s v e r s e  f i e l d  has two p o l a r i z a t i o n s  denoted  as 
HS and VS waves. The d isp lacem en t  f i e l d  may be w r i t t e n  as
(3.18)
(72 * k2 )4,|IS .  0, (3.19)
(V2 + k2 )<f>vs = 0 . (3 .19a)
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-V
u uL + u,HS + u,VS
where, from eqs. ( 3 .1 2 ) ,  (3 .17) and (3 .18) we have
(3.20)
uvs = V x ( V x e z <Pv s )
and th e  p o t e n t i a l s  cf>L, <j>Hg and <j)yg s a t i s f y
(V2 + k2)<j)L = 0
and (V2 + k2) P HS _ 0 .
*VS
In a d d i t io n ,  <f>^g = <j>^g ( r , 0 , oj) . The problem has been reduced to  f in d in g  
s o lu t io n s  o f  s c a l a r  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s .
B. The V i s c o e l a s t i c  Medium
We wish to  ana lyze  th e  f i e l d  equa tion  f o r  th e  v i s c o e l a s t i c  
medium given by
One n o tes  t h a t  t h i s  d i f f e r s  from th e  r e l a t i o n  f o r  th e  e l a s t i c  s o l i d  
on ly  by th e  a d d i t io n  o f  th e  damping terms ( f i r s t - o r d e r  t im e d e r i v a t i v e s ) .  
We may s e p a r a te  t h i s  f i e l d  e q u a t io n  in to  lo n g i tu d in a l  and t r a n s v e r s e  
p a r t s  as was done f o r  t h e  e l a s t i c  s o l i d .  F i r s t ,  we take  th e  F o u r ie r  
t ra n s fo rm  o f  eq. (2 .50)
P03^u - [ (A+2y) + (X '+ 2p ')3 t ]V(V-u) + [y+y18t ]Vx(Vxu) = pQ?
(2.50)




We take  th e  d ivergence  and c u r l  o f  (3 .21) to  o b ta in
{pQ(02 + [ (A+2y) + ito(Ar+2y1) ]V2} (V*u) = -p Q(V«?) (3.22)
and
(Pq(jJ2 - (y+i to y ')VxVx] (Vxu) = -p Q (Vx?) (3.23)
In tro d u c in g  c^ and c ,^ and damping c o e f f i c i e n t s  and b ,^ d e f in ed  as
b = W  b = - H idL 2 » T 2pcL pcT
Eqs. (3 .22) and (3.23) may be w r i t t e n
2
{(1 + itobL)V2 + } (V*u) = - I j  (V*?) (3 .22a)
CL CL
2
and { - (1  + iwbT)VxVx + ^  HVxu) = - ~  (Vxf) t (3 .23a)
CL CT
In th e  s o l i d  medium th e  body fo rc e  ?  does n o t  a r i s e ,  so we w r i te
th e s e  equa tions  in  homogeneous form
(V2 + k2)(V*u) = 0 (3.24)
(-VxVx + k2)(Vxu) = 0, (3 .25)
2where , 2 tok , =
^ c2 (l+itob^)
and k2 = “ 2
T c2 ( l +itobT)
Equations (3 .24) and (3 .25) a re  Helmholtz o p e ra to r s .  The f i e l d  equa tions  
a re  o f  th e  same form as eqs. (3 .10) and (3 .11) f o r  th e  e l a s t i c  s o l i d .
We may w r i t e ,  analogous to  eq. (3 .10a)  and (3 .11a)  th e  fo llow ing  f o r  the  
v i s c o e l a s t i c  medium:
36
and
(V2 + k2) ^  = 0 
(VxVx - k2 )uT = 0 .
The i n t r o d u c t io n  o f  v i s c o e l a s t i c i t y  does n o t  change th e  form o f  
th e  f i e l d  e q u a t io n s  in  th e  frequency  domain. The only  e f f e c t  i s  to  
change th e  wavenumbers t o  complex q u a n t i t i e s .  We see  from th e  form o f  
the  wavenumbers g iven  in  eq. (3.25) t h a t  they  a re  in  th e  second and 
fo u r th  q uad ran ts  o f  t h e  complex p la n e .  We may use th e  same s o lu t io n s  
fo r  th e  f i e l d  o b ta in e d  in  th e  p rev io u s  s e c t i o n ,  eqs .  ( 3 .1 2 ) ,  (3 .17) 
and (3 .1 8 ) ,  where th e  p o t e n t i a l  fu n c t io n s  <j>^ , (j^g and <f)yg s a t i s f y  
Helmholtz o p e ra to rs
where now th e  k^ and k^. a re  complex q u a n t i t i e s  i n s t e a d  o f  r e a l  numbers.
C. F ie ld  E x c i ta t io n  in  the  Liquid
The f i e l d  e q u a t io n  f o r  the  i n v i s c id  l i q u i d  can be w r i t t e n  
from eqs .  (2 .46)  and (2 .34a) as
This eq u a tio n  can be o b ta in e d  as a  s p e c i a l  case  o f  th e  e las todynam ic  
equa tion  (3 .1 )  by s e t t i n g  th e  r i g i d i t y  y t o  z e ro .  This  approach was 
shown to  be c o n s i s t e n t  w ith  th e  c o n v e n tio n a l  one used in  f l u i d  mechanics 
where th e  s t r e s s  t e n s o r  i s  expressed  in  terms o f  the  p r e s s u r e  [eq. ( 2 .4 7 ) ] .
I f  one t a k e s  th e  d ivergence  o f  eq. ( 3 .2 6 ) ,  one o b ta in s
(V2 + k2)<).L = 0
Pq82u - XV(V-u) - p0l . (3 .26)





where Cg i s  th e  a d ia b a t i c  sound v e lo c i ty  given as
C0 = 9p s
or
c„ = 1 - =  KL_
'°  ” P0 " P0 '
Now we s e p a r a te  th e  v e c to r  f i e l d s  u and ?  i n t o  l o n g i tu d in a l  and 
t r a n s v e r s e  p a r t s .  The body fo rc e  f  must be l o n g i tu d in a l  in  th e  l i q u i d ,  
o r
and
f  = f  T
f T = 0.
(3.27)
Taking th e  c u r l  o f  eq. (3 .26) then  r e q u i r e s
Vxu = VxuT = 0. (3.28)
The dynamic f i e l d  i n  th e  l i q u i d  i s  then  p u re ly  l o n g i t u d in a l ,  o r
u = uL. (3.29)
We may w r i te  eq. (3.26a) as




o r ,  in  t h e  frequency  domain
2 2 -  (V2 + k2) ( V u L) = - - g - (3.26b)
where kg = oi/Cg. Now, s in c e  th e  d ivergence  o f  a v e c to r  i s  a s c a l a r ,  we 
may w r i t e ,  in  t h e  frequency domain,
V*“ l = “k0 *0
and (3.30)
V*f L = "k0 *0 *
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where <J>q and a re  s c a l a r  fu n c t io n s  f o r  th e  f l u i d ' s  d isp lacem ent and 
body fo rc e .  The c o n s ta n t  f a c to r s  in  eq. (3 .30)  were in tro d u c ed  t o  make 
the  (j>Q p o t e n t i a l  d im ens iona l ly  c o n s i s t e n t  w ith  the  lo n g i tu d in a l  p o te n ­
t i a l  fu n c t io n  <j>L fo r  th e  e l a s t i c  s o l i d  given in  eq. (3 .1 5 a) .  S u b s t i t u ­
t io n  o f  eq. (3 .30) i n t o  the  f i e l d  equa tion  (3.26b) g ives
2 2 ^0 (V + kj)cj>0 = - - f  . (3.31)
C0
This r e s u l t  i s  seen t o  be an inhomogeneous s c a l a r  Helmholtz e q u a tio n .
The e x c i t a t i o n  to  th e  f i e l d  ( l i q u id  o v e r ly in g  a lay e re d  s o l id )  i s  taken 
in  th e  l i q u i d .  The e x c i t a t i o n  must r e p r e s e n t  th e  e f f e c t  o f  an a c o u s t ic  
t r a n s d u c e r  as a sound sou rce .  We wish to  r e p re s e n t  t h i s  sound sou rce  in  
terms o f  th e  body fo rc e  f^  o r  i t s  d ive rgence . Now, th e  t r a n s d u c e r  i s  
small r e l a t i v e  to  th e  o th e r  dimensions o f  th e  a c o u s t ic  f i e l d .  We may 
c o n s id e r  th e  sound sou rce  and th e  body fo rc e  f i e l d  t o  be lo c a te d  in  a 
small s p h e r i c a l  reg io n  o f  r a d iu s  a. I f  one i n t e g r a t e s  th e  d ivergence  
o f  f  over  th e  volume V o f  th e  sp h e re ,  one o b ta in s  u s in g  Gauss’ theorem :
J  (V*f)dV = f-ndS . (3.32)
V S
I f  one assumes t h a t  t h e  fo rce  f i e l d  f  a c t s  in  a d i r e c t i o n  normal to  the  
s u r fa c e  o f  th e  s p h e r i c a l  volume, o r  r a d i a l l y  outward, we may w r i t e  th e  
r a d i a l  component o f  I  as f  . I f ,  fu r th e rm o re ,  we assume f  i s  c o n s ta n t ,  
one has
f (V -? )d V =  ^ j f c d S  = 4ira2 ( f r ) r=a  . (3 .32a)
V S
Equation (3 .32a) im p l ie s  t h a t  th e  d ivergence  o f  ?  may be r e p re s e n te d  by 
a D irac  d e l t a  fu n c t io n  6 ( r - r ! ) ,  where r  i s  th e  f i e l d  p o in t  and r 1 i s
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th e  source  p o in t .  We r e c a l l  th e  c h a r a c t e r i s t i c s  o f  th e  d e l t a  fu n c t io n  [54H 
6 ( r - r ' ) d V  = 1
I ,
i f  r '  i s  in  V and (3.33)
6 ( r - r ' )  = 0 f o r  r  f  r ' .
We n o te  t h a t  th e  r ig h t -h a n d  s id e  o f  eq. (3 .32a) i s  a  c o n s ta n t ,  so 
from th e  i n t e g r a l  r e p r e s e n ta t i o n  o f  th e  d e l t a  fu n c t io n  in  (3 .33) we see 
t h a t  V*f i s  p r o p o r t io n a l  t o  th e  d e l t a  f u n c t io n .  We a ls o  see from eq. (3.30)
t h a t  th e  fo rc e  p o t e n t i a l  ip^ i s  p r o p o r t io n a l  to  th e  d e l t a  fu n c t io n .  We
may w r i te  f o r  th e  r ig h t -h a n d  s id e  o f  eq. (3 .31) th e  fo llow ing :
 -----  = H(o))S ( r - r 1) ,  (3.34)
C0
where H(co) i s  th e  transfo rm ed  from o f  t h e  time dependence o f  th e  f i e l d  
e x c i t a t i o n .  That i s ,  eq. (3 .34) s e p a r a te s  th e  s p a t i a l  dependence o f  \pQ 
from th e  time o r  frequency dependence. The in v e r s e  t ra n s fo rm  o f  H(oj)
w i l l  be taken  as h ( t ) .  Now, one may denote  th e  response  o f  th e  f i e l d  ^
due to  th e  e x c i t a t i o n  as a G reen 's  f u n c t i o n [3 4 ] , [ 5 0 ] denoted in  th e  
frequency  domain as
G(?, oj) .  (3 .35)
Applying eqs . (3 .34) and (3 .35) t o  (3 .31)  g ives  f o r  t h e  l i q u i d  f i e l d
(V2 + k2) G ( r , r ' ,w )  = -H (to) 6 ( r - r 1) .  (3 .36)
Denoting th e  G reen 's  fu n c t io n  in  t h e  tim e domain as 
g ( r , r ' , t )
enab les  us to  w r i te  eq. (3 .32) in  th e  tim e  domain as fo llo w s:
(V2 -  ^ d 2t ) g i T , T \ t )  = -h ( t)S  ( r - r ' ) (3 .37)
C0
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Equation (3.36) i s  much e a s i e r  to  so lve  f o r  th e  p r e s e n t  problem, 
so t h i s  form w i l l  be used in  th e  fo llow ing  c h a p te r s .  A f te r  s o lv in g  fo r  
th e  G reen 's  fu n c t io n  in  th e  frequency domain, we o b ta in  th e  tim e domain 
r e p r e s e n ta t i o n  by ta k in g  th e  in v e r s e  F o u r ie r  t ra n s fo rm  (3.9b)
The f i e l d  e x c i t a t i o n  as given by eq. (3.36) occurs only a t  a 
p o in t  r ' . From th e  d e f i n i t i o n  o f  the  d e l t a  f u n c t io n  (3 .3 3 ) ,  one sees  
t h a t  eq. (3 .36) reduces to
The d isp lacem ent f i e l d  in  th e  l i q u i d  may be expressed  in  th e  same form 
as f o r  th e  s o l i d ,  o r
from eq. (3 .12) f o r  th e  e l a s t i c  s o l i d .  This i s  a s o lu t io n  to  th e  f i e l d  
eq u a tio n  (3.39) due to  th e  form taken  f o r  V*u m  eq. (3 .3 0 ) .
The lo c a t io n  o f  th e  source  p o in t  r 1 w i l l  be taken  on th e  z -a x is
in  a c y l i n d r i c a l  c o o rd in a te  system ( r , z , 0 ) .  The type  o f  e x c i t a t i o n  i s  
obv iously  symmetric w ith  r e s p e c t  to  th e  a n g u la r  c o o rd in a te  0, so th e  
f i e l d  w i l l  be a fu n c t io n  o f  only z and r .  Furtherm ore, one would n o t  
expect t h i s  source  r e p r e s e n ta t i o n  t o  e x c i t e  th e  HS p o l a r i z a t i o n  [eq. (3 .1 7 ) ] .  
The HS p o l a r i z a t i o n  c o n s i s t s  o f  motion in  the  r - 0  p lane  o n ly ,  and does
no t  vary  w ith  z. T h e re fo re ,  th e  d i l a t a t i o n a l  n a tu r e  o f  th e  a c o u s t i c  o r
l i q u i d  f i e l d  e x c i t a t io n .  cannot im part t h i s  type  o f  m otion. The motion 
in  th e  s o l i d  f i e l d  w i l l  then  be r e s t r i c t e d  to  l o n g i tu d in a l  and VS p o l a r i ­
z a t i o n s .  In a d d i t io n ,  t h e  0-symmetry in  th e  l i q u i d  w i l l  apply  as w e ll  
t o  th e  s o l i d .
(3 .38)
(V2 + k2) G ( r , r ' ,(j j ) = 0 f o r  r  f  r 1. (3 .39)
That i s ,  th e  governing eq u a tio n  i s  a homogeneous form excep t a t  r  = r ' .
Uq = VG f o r  r  = r ' , (3 .40)
41
D. The S t re s s  and Displacement F ie ld s
We wish t o  express  th e  s t r e s s  and d isp lacem ent f i e l d s  in  
terms o f  th e  s c a l a r  p o t e n t i a l  fu n c t io n s  4>^ g and <j>yg . Due to  the  
symmetry in  th e  f i e l d ,  we use c y l i n d r i c a l  p o l a r  c o o rd in a te s  ( r , z , 0 )  
where z i s  th e  v e r t i c a l  c o o rd in a te .  The d isp lacem ent has been expressed  
in  term s o f  th e  p o t e n t i a l  fu n c t io n s  in  eqs. (3 .20) as
u L  =  V<f>L ,
SHS = kTVx(ez <J,HS) (3.20)
and “vs = Vx(Vx^ z 4»v s ) ,
where u = uL + uHg + uvg . Using (2 .4 9 ) ,  t h e  ex p re ss io n  f o r  uvg may
be w r i t t e n
“vs -
o r  a . (3.41)
-* 9(H/S 2
“VS = V<— - V  ^VS •
d Z
To compute th e  e x p re s s io n s  f o r  th e  components o f  th e  d isp lacem ent
v e c to r ,  we r e c a l l  some v e c to r  i d e n t i t i e s  f o r  c y l i n d r i c a l  c o o rd in a te s .
Taking f  as a s c a l a r  and 6 as a v e c to r  f i e l d ,  we have:
3 f  A 1 3 f  A 9 f  A 
v f  = 97 e r  + F a e  e e + a !  e z
*  l  a i  9Bfl 9B7
^  = 7  h  CrV  * T 5 T  * 5 T
1 9B,  9Ba 9B^ 9B,  1 a 9B
VxB = £  I T  “ 9 > r  + * 5 T  -  W > * e  + -  w - » z
and
J 2 ~  1 3 ,  9 r .  1 92f  92f
V f ’ ? 3 7 ( r Sf> ’
where B , B. and B a re  th e  r ,  0 and z components o f  and e , e „ ,  e r ’ 0 z ’ r  r ’ 0 z
are  t h e  correspond ing  u n i t  v e c to r s .
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We may w r i te  th e  d isp lacem ent v e c to r  as:
u = u § + + u §r  r  0 9 z z
Applying eqs .  (3 .42) to  (3 .20) and (3 .41) g iv e s ,  f o r  t h e  v a r io u s  p o l a r i ­
z a t io n s  o f  th e  d isp lacem ent v e c to r :
9<j>L 1 3<j>L 3<|>l
UL 9 r  r  + r  90 0 + 9z z ’
1 9^hs 9<*’hs 
UHS = kT r  “ 30”  S t  " ~ T T  §0 (3.43)
and
and
->- 9 ^VS 9 ^VS 9^ 2
“VS = 9r9z 6r  + 909z §0 + (7 T  + kT^V S8z -0 z
The components o f  th e  d isp lacem ent may be w r i t t e n  
9<j>L kT 3<J>hs 3 (J)vs 
Ur  = 9 r~  + 7 "  I T  + 3r3z *
1 9<i)L  ^ 3(f)HS ! 3 4>vs ^  ^
U0 r  90 T 9r + r  303z (3,44)
9<f>i a 2 ?
Uz = 97" + + *\~2  + kT ^ V S -9z
The d isp lacem ent f i e l d  s i m p l i f i e s  c o n s id e ra b ly  when 0-symmetry i s
p r e s e n t .  I t  s im p l i f i e s  even more when th e  HS p o l a r i z a t i o n  does not
occur.  The f i e l d  e x c i t a t i o n  d i sc u sse d  in  the  p rec e d in g  s e c t io n  inc ludes
bo th  o f  t h e s e .  We w r i te  f o r  th e  d isp lacem ent f i e l d  o f  i n t e r e s t
_ ^ L  
Ur  9 r  + 9r9z ’
uQ = 0 (3.45)
and 9<j). J2  ~
uz = 9 T 1 + f r  * k?)+vs .9z
Equations (3 .45) w i l l  be used to  so lv e  th e  boundary -va lue  problem 
t o  be developed in  t h e  fo llo w in g  c h a p te r .
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The s im p l i f i e d  s t r e s s  f i e l d  i s  now developed. We r e c a l l  t h e  e x p re s ­
s io n  f o r  th e  s t r e s s  developed e a r l i e r
a i j  = A£u 6i j + 2yEi r  (2-42)
V i s c o e l a s t i c i t y  can be in tro d u c ed  e a s i l y  by t a k in g  th e  Lam€ param eters  
as complex c o n s ta n ts  in  th e  frequency domain. Now, in  eq . (2 .4 2 ) ,  
i s ,  in  i n v a r i a n t  n o t a t i o n ,  V*u. From eq. (3 .15a)
h a  = v ' “  = ' k L*L-
We w r i t e  from eq. (2 .42) th e  s t r e s s  t e n s o r  in  c y l i n d r i c a l  c o o rd in a te s
r r
zz
Gr r = AV*u + 2ye
a zz = AV*u + 2ye
CT99 = AV*u + 2ye,
Grz = 2 v z t z
a z0 ■ 2pEz8
a r0 = 2Mer e .
33 (3.46)
The s t r a i n  t e n s o r  in  c y l i n d r i c a l  c o o rd in a te s  i s  expressed  in  terms 
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In tro d u c in g  th e  f i e l d  symmetries reduces  eq. (3 .47) to
3u




e 00 " r 1
9u 9u (3.47a)
2erz  = 9 ^  + 9 ^
2ez0 = 0
2er0 ” 0 '
We apply  eqs. (3 .45) to  (3 .47a) to  g ive  f o r  th e  symmetric s t r a i n  f i e l d :
Er r  = 7 T  + h  *VS> dr
3 4*t  ^ pv2 2
Ezz = 7 ~ 2 ~  + 97  (7 ~ 2  + k T )(t)VS
o Z d Z
e 00  '  T I t»L * L  *VS> (3  47 b )
2srz  = 2 orSz ♦l * 3? t2 7 T  * k,d*VS9z
2£z0 = 0 
2Gr0 = 0 •
We apply  th e s e  r e s u l t s  t o  th e  s t r e s s  f i e l d  ( 3 .4 6 ) ,  ex p re ss in g  V*u 
in  terms o f  th e  l o n g i tu d in a l  p o t e n t i a l  to  give
V  '  X * L  * 2V 7 ?  « l  * h  +VS>9r
"zz ■ - AkL*L * 2lJ k  * k?>+vsl (5-48)
dZ
a00 = ~Xklh  + 2y 7  + 17 ‘W
Equations (3 .45) and (3 .48) a re  t h e  r e q u i r e d  ex p re ss io n s  f o r  th e  
d isp lacem ent and s t r e s s  f i e l d s .  These ex p re ss io n s  w i l l  be used to  
e v a lu a te  boundary c o n d it io n s  a t  i n t e r f a c e s  between d i f f e r e n t  media.
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IV. THE SOLUTION OF THE BOUNDARY-VALUE PROBLEM
A. P re l im in a ry
We wish to  d e r iv e  an ex p ress io n  f o r  th e  response  o f  the
system shown s c h e m a tic a l ly  in  F igure  1. The system i s  a f i e l d  con­
s i s t i n g  o f  a l i q u i d  l a y e r  o v e r ly in g  a lay e red  s o l i d  h a l f s p a c e .  We 
p la c e  an a c o u s t ic  sou rce  in  th e  l iq u i d  and use th e  l i n e a r i z e d  v i sc o e ­
l a s t i c  model f o r  th e  s o l i d .  The p r e c i s e  geometry and c o o rd in a te  system 
used f o r  th e  problem i s  shown in  F igure  2 ,  The source  i s  lo c a te d  on 
th e  z -a x is  o f  a c y l i n d r i c a l  c o o rd in a te  system. The symmetry o f  the  sou rce  
e l im in a te s  th e  p o l a r  (0) dependence and HS p o l a r i z a t i o n s  in  t h e  s o l i d  
a re  ru le d  ou t.
The problem i s  posed as fo llow s . We wish t o  so lv e  th e  governing 
eq u a tio n  f o r  th e  a c o u s t i c  f i e l d
s u b je c t  to  a p p ro p r ia te  boundary c o n d it io n s  a t  th e  s u r f a c e  o f  t h e  l i q u i d  
l a y e r  and a t  th e  l i q u i d - s o l i d  i n t e r f a c e .  Now, th e  a c o u s t i c  f i e l d  i s  
coupled m echan ica lly  to  th e  v i s c o e l a s t i c  f i e l d ,  so  we must s o lv e  two 
Helmholtz equa tions  f o r  each s o l i d  l a y e r
where t h e  s u b s c r ip t  j r e f e r s  t o  th e  p a r t i c u l a r  l a y e r .  The problem w i l l  
be so lved  by in t ro d u c in g  a F o u r ie r -B e sse l  t ra n s fo rm  [55] t o  t h e  governing 
eq u a tio n s  ( 3 .3 6 ) ,  (3 .16) and (3 .1 9 a ) .  Then boundary c o n d i t io n s  w i l l  be 
a p p l ie d  a t  the  i n t e r f a c e s  between each l a y e r  and a t  th e  s u r f a c e  o f  the  
l i q u i d ,  in  accordance w ith  th e  r e s u l t s  o f  Chapter I I .  We b eg in  by
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so lv in g  eq. (3 .3 6 ) .  F i r s t  we express  th e  D irac  d e l t a  fu n c t io n  as [ 1 0 ]
6C?-?') = ■ W.l)
This form im p lie s  t h a t  th e  sou rce  i s  a t  r  = 0 ,  z = z ' , as shown in  
F igure  2. The G reen 's  fu n c t io n  may be expressed  in  th e  form
G (r ,r ' ,o d )  = G ( r , z , z '  ,o>). (4 .2)
2The V o p e ra to r  in  eq. (3.36) reduces from (3 .41) t o  the  form
n2 1 3 , 3 , 32V  =  —  ( r  - r - )  +  — 7rr  3r  3r  9z2 .
Applying t h i s  r e s u l t  and eqs . (4 .1 )  and (4 .2 )  to  eq. (3 .36) g ives  
r l  3 , 3  ^ 32 . 2 . . .  , . 6 ( r )6  ( z - z ' )
[7  37Cr 3 ^  + 7 T + V G C r . z . z ' . a ) )  = “ ~ 2 ^ -----  HCa° '  (4*3)
0  Z
We apply th e  F o u r ie r -B e ss e l  t ra n s fo rm  to  eq. (4 .3 )  to  e l im in a te  
th e  v a r i a b le  r  as a d i f f e r e n t i a l  form. The F o u r ie r -B e ss e l  t ra n s fo rm  
p a i r  i s  w r i t t e n  as [51]
JL(C) = f  g ( r ) J Q( ? r ) r d r
J  n
g ( r )  = J & ( 0 J o  (Sr )?d ? ,
(4 .4 )
where th e  b a r  under th e  v a r i a b le  denotes th e  tran sfo rm ed  q u a n t i ty .  The 
z e ro th  o rd e r  B esse l fu n c t io n  has been used in  eq. (4 .4 )  due to  th e  0- 
symmetry. Following a r e l a t e d  c a l c u l a t i o n  f o r  a r in g  source  e x c i t a t i o n  
from S takgold  [5 1 ] ,  we t ra n s fo rm  eq. (4 .3 )  u s in g  eq. (4 .4 )  to  o b ta in
1
2
^  | ^ [ r  |^ r  G ( r , z , z '  ,a>)]rdr + ( - ^  + k2)G (^ ,z ,z ' ,c o )  =
dz
= ~6(Z~ ^ ' )H(^ - f 6 ( r ) J 0 ( ? r ) d r ,  (4 .5 )
J o
where G i s  th e  t ransfo rm ed  form o f  th e  G reen 's  fu n c t io n .
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Due t o  th e  s i f t i n g  p ro p e r ty  o f  th e  d e l t a  f u n c t io n ,  th e  r ig h t -h a n d
s id e  o f  eq . (4 .5 )  reduces  to
- 6 ( z - z ' )  . T .
■"2 u- -- > s in c e  J Q(0) = 1.
We apply p a r t i a l  i n t e g r a t i o n  tw ice to  the  f i r s t  term on the  l e f t -h a n d  
s id e  o f  eq . ( 4 . 5 ) ,  g iv in g  as a r e s u l t  
2
[ ~ 2  + (ko - C2) ]G (C ,z , z ' , o)) = - H(tu) (4 .6 )
dz
Equation (4 .6 )  i s  an o rd in a ry  d i f f e r e n t i a l  e q u a t io n  in  z . The r -  
dependence in  eq. (4 .3 )  has been reduced t o  an a lg e b r a ic  form i n  the 
t ra n s fo rm  domain.
We so lv e  eq. (4 .6 )  u s in g  a Formal G reen 's  fu n c t io n  p rocedure  given 
in  H ildebrand  [1 4 ] .  We w r i t e  two independent s o lu t io n s  t o  th e  homogeneous 
form o f  eq. (4 .6 )  f o r  th e  G reen 's  fu n c t io n  above and below th e  sou rce :
2




[ — 2 + (kg - C ^ J G ^ S . z . z ' )  = 0 f o r  0 < z < z ' ,  
dz
where G> deno tes  th e  G reen 's  fu n c t io n  above th e  source  and £< below th e
so u rce .  S o lu t io n s  to  eq. (4 .7 )  a re  w r i t t e n
- a 0z a Qz
(k, = Pe + Qe f o r  z '  < z < hg
and ( 4 . 8 )
- a 0z aQz
Gj; = Re + Se fo r  0 < z < z ' ,
2 2 ^where ag = (C - kg) 2, and th e  p o s i t i v e  square  ro o t  i s  tak e n .  The 
q u a n t i t i e s  P, Q, R and S a re  fu n c t io n s  o f  C and the  p h y s ic a l  p a ra m e te rs .  
These must be e v a lu a te d  u s in g  the  boundary c o n d i t io n s  o f  the  problem.
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In a d d i t io n ,  two requ irem en ts  a re  imposed by th e  formal G reen 's  fu n c ­
t io n  p rocedu re .  These a re  t h e  c o n t in u i ty  o f  a t  the  sou rce  (z = z ')  
and th e  jump in  th e  f i r s t  d e r iv a t iv e  o f  £  a t  th e  so u rce .  The f i r s t  
co n d it io n  r e q u i re s
G ^ . z ' . z ' )  = G ^ S . z ' . z 1) .  ( 4 .9a)
The second c o n d it io n  a r i s e s  from i n t e g r a t i n g  eq, (4 .6 )  ac ro ss  th e
source  in  th e  z - d i r e c t io n :  
z '+ e
/ dz dz 2 tt '
z ' - e
where e i s  taken  as sm a l l ,  and th e  s i f t i n g  p ro p e r ty  o f  6 ( z - z ' )  has 
been used . This r e s u l t  may be w r i t t e n
- - ■ 3 T -  (4 ' 9b)
We may imm ediately impose one sim ple  boundary c o n d i t io n .  The 
p re s s u re  must vanish  a t  th e  s u r f a c e  o f  th e  l iq u id .  From eq. ( 3 .4 8 ) ,  
we see  t h a t  th e  s t r e s s  t e n s o r  f o r  th e  l i q u i d  above th e  sou rce  i s
2
a  = a  = a  = -Xk~ G r r  0S zz 0 —>
a Q = a = a .  = 0 r 0 rz  0z
(4.10)
and from (2 .47) we see  th e  s t r e s s  i s  r e l a t e d  to  th e  p re s s u r e  by
a .  . = -p 'f i .  . i 3 F i j  •
This im p lies  t h a t  the  G reen 's  fu n c t io n  van ishes  a t  th e  l i q u i d  
s u r f a c e ,  o r
G ^ S j Z . z ' )  = 0 a t  z = hQ (4.11)
Now we apply  th e  t h r e e  c o n d i t io n s  ( 4 .9 a ) ,  (4.9b) and (4 .11)  to  th e  
s o lu t io n  form (4 .8) to  e l im in a te  th r e e  o f  th e  unknown fu n c t io n s  o f  C, 
leav in g
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£> = -2Q(£)e ° ° s in h [ a Q(h0-z) ]
+ ~2{Q(C)e 0 0 s i  nil a0 (hQ-z) + s i n h f a ^ z ' - z ) ] }
(4.12)
The fu n c t io n  Q = Q ( £ ,z , z ' )  w i l l  be e v a lu a te d  by app ly ing  boundary con­
d i t i o n s  a t  th e  bottom o f  th e  l i q u i d  la y e r .
B. G reen 's  Function f o r  the  Unbounded Liquid
We develop he re  a s p e c i a l  case o f  th e  problem where the  f l u i d  
i s  o f  i n f i n i t e  e x te n t .  The depth  hg i s  i n f i n i t e ,  and no s o l i d  bottom 
i s  p r e s e n t .  S o lu t io n s  to  eq. (4 .7 )  must be w r i t t e n  in  th e  form
and
~agZ
= Pe fo r  z > z 1
vSe fo r  z < z ’ .
(4.13)
The r e s u l t  i s  a s p e c i a l  case o f  eq . ( 4 .8 ) .  The terms w ith  the  Q and R 
f a c t o r s  were dropped so t h a t  th e  s o lu t io n s  v an ish  fo r  | z |  l a rg e .  This  i s  
e q u iv a le n t  to  a r a d i a t i o n  c o n d i t io n .  We apply  c o n d i t io n s  (4 .9a) and 
(4 .9b) to  th e  s o lu t io n s  g iv ing
and
„ - V  «. V ’Pe = Se
- a ^ z '  a „z ' . . ,  .
Pe 0 + Se 0 -
2irao .
(4 .14)
The s o lu t io n s  become
11 (ui) e
- a 0 ( z - z ' )
—> ” 4iTa,0
and
r  -  11 O ^ e  
zk " 4Tra0
- a 0 ( z ' - z )
f o r  z > z '
f o r  z < z ' .
(4.15)
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We may combine th e  two e x p ress io n s  (4 .15) i n to  one
- a0 (z> -z<)
G(? , z , z ' , u »  = . 16)
where _ Ma x (ZjZt ) }
and
z< = Min ( z , z ' ) .
This n o t a t io n  i s  used to  combine th e  two ex p re ss io n s  ^  and in to  one. 
I t  im p l ie s  r e c i p r o c i t y .  That i s ,  th e  Green’s f u n c t i o n 's  form remains 
th e  same i f  t h e  source  p o in t  and th e  f i e l d  p o in t  a re  in te rc h a n g e d .  We 
w r i te  eq. (4 .16) in  th e  r-domain by ta k in g  th e  in v e r s e  t ra n s fo rm  u s in g
e q - (4 -4) r  00 ~a o (*> -z< )
G ( r , z , z ■ ,w) = ^ M / o J -  J 0 (?rK<£ , (4 .17)
2 2 I'where we r e c a l l  t h a t  aQ = (S -k0)"2. This r e s u l t  i s  th e  same as 
Sommerfeld's [51 ] ,  excep t t h a t  we have a more g e n e ra l  tim e dependence 
due to  th e  H(u) f a c t o r .  Sommerfeld took a harmonic tim e dependence.
The 4ir f a c t o r  occurs due t o  th e  form o f  eq. (3 .3 6 ) ,  and does n o t  occu r  
in  Sommerfeld 's r e s u l t  because  o f  h i s  d i f f e r e n t  approach to  th e  problem.
The G reen 's  fu n c t io n  f o r  an unbounded medium i s  w e ll  known [46]
[35 ]• We w r i t e  _ik R
G ( r , z , z '  ,o>) = , (4-18)
2 2 ^where R = [ ( z - z ' )  + r  ] 2 i s  the  d i s t a n c e  from sou rce  t o  r e c e iv e r .  One
may w r i t e  eq. (4 .18) in  t h e  tim e domain us ing  th e  in v e r s e  F o u r ie r  t r a n s ­
form in  tim e [eq. (3 .3 8 )]  t o  o b ta in
-ik„R
i(<jj)<
Stt^R j - co
R e c a ll in g  t h a t  k~ = u)/cn , one has
g ( r , z , z ' , t )  = f H(o))e 0 e iw t do>.
8t  J - o
0 0
g '( r , z , z ' , t )  = f  H(aj)e+ia)C-t_R^ Q ) da) < (4 .19)
8ir R J -co
53
Eq. (4 .19)  i s  a s u p e rp o s i t io n  o f  harmonic waves due t o  th e  k e rn e l  
i a j ( t -R /c 0 )
e , where th e  spectrum  H(to) i s  a w e igh ting  fu n c t io n
in  t h e  frequency domain. For a harmonic tim e dependence, th e  w eigh ting  
f u n c t io n  H(uj) becomes a D irac  d e l t a  f u n c t io n ,  o r
H(w) = 2ttS (co-Wq) ,
where i s  th e  frequency  o f  th e  s ig n a l ,  Eq. (4 ,19)  reduces to  the  
fo llo w in g  f o r  th e  harmonic tim e dependence
1 iwn ( t - R /c n )
g ( r , z , z ' , t )  = e .. (4 ,20)
This r e s u l t  i s  a harm onic, s t e a d y - s t a t e  s p h e r i c a l  wave t r a i n  p ro p ag a t in g  
r a d i a l l y  outward.
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C. The G reen 's  Function fo r  th e  General Problem
We o b ta in e d  th e  forms (4 .12) f o r  the  G reen 's  fu n c t io n  in  th e
p re l im in a ry  d i s c u s s io n .  Following t h i s ,  a G reen 's  fu n c t io n  was o b ta in e d
f o r  th e  unbounded f l u i d  [eq. (4 .1 6 ) ] .  This form prompts us t o  w r i t e  f o r
Q in  eq. (4.12) th e  fo llow ing
A0 "aoho 
Q (e ,z ,z ' ,u i )  = - g ^ -  H(w)e
where AQ = AQ( C ,z ,z '  , oj) .
Equation (4.12) tak es  th e  form
= An T ^ -  s in h  fan (hn- z ) ]—> 0 4ira0 0 v 0 ' 3
and (4.21)
G< = (Aq s i n h [ a Q(hQ-z ) ]  - 2 s in h [ a Q( z ' - z )  ]}.
Now we must so lve  f o r  th e  unknown fu n c t io n  A^ by app ly ing  boundary
c o n d it io n s  a t  t h e  l i q u i d - s o l i d  i n t e r f a c e .  R e fe r r in g  to  F igure  2 ,  one
sees  t h a t  the  dynamic f i e l d  in  th e  f i r s t  s o l i d  l a y e r  i s  coupled t o  the
lower l a y e r s .  In s te a d  o f  app ly ing  boundary c o n d it io n s  a t  th e  l i q u i d -
s o l i d  i n t e r f a c e ,  we now app ly  boundary c o n d it io n s  a t  the  i n t e r f a c e  
til tilbetween th e  j and (j+1) s o l i d  l a y e r s .  We e s t a b l i s h  a re c u r re n c e  
r e l a t i o n  between the  dynamic f i e l d s  o f  a d jo in in g  l a y e r s .  Success ive  
a p p l i c a t i o n  o f  th e  re c u r re n c e  r e l a t i o n  enab les  us t o  express  th e  f i e l d  
o f  th e  l a s t  l a y e r  in  terms o f  th e  f i r s t  s o l i d  l a y e r .  We proceed  as 
fo llo w s .  One w r i te s  s o lu t io n s  to  eqs, (3 .16) and (3 .19a) in  th e  t r a n s ­
form domain in  th e  same form as th e  G reen 's  fu n c t io n  f o r  th e  l i q u i d  
given  in  eq. (4 .2 1 ) :
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$ • = T ^ “
00 aa j
- a .  ,a
y
A.e 03 + B
a .z 1 
, e «  ]
and
where
(4 .22) ^ / — U 7 a 7 I
its  4' a«
-a„  .z 
C.e 33 + D ..V 1J J»
a . = (£2 - k2 . ) 35 , otj a j '  9
_ „ 2 .2  
j ■ K  -  6j
and h j  < z < The a ^  and a ^  ex p re ss io n s  r e p r e s e n t  a
p o s i t i v e  square  r o o t .  We change n o ta t io n  in  eq. (4 .2 2 ) ,  deno ting  lo n g i ­
t u d in a l  f i e l d  q u a n t i t i e s  w ith  an a  and th e  VS f i e l d  w ith  a 3 s u b s c r i p t .
tilThe p o t e n t i a l s  and f o r  th e  n o r  l a s t  l a y e r  (a h a l f s p a c e )  must 
van ish  as -z  -* °°. This requ irem en t  i s  met by s e t t i n g  th e  fu n c t io n s  A^  
and in  eq .  (4 .22) to  z e ro .  This  i s ,  in  e f f e c t ,  a r a d i a t i o n  c o n d i t io n .  
We may c o n s id e r  th e  and term s as r e p r e s e n t in g  ou tgoing  waves p ro p ­
a g a t in g  downward and th e  A^  and terms as u p w a rd - t rav e l in g  waves.
The s o lu t io n s  (4 .22)  may be a p p lie d  t o  t h e  e x p re s s io n s  f o r  th e  d i s ­
placement f i e l d  and th e  s t r e s s  f i e l d  e q s . [ (3 .45 )  and ( 3 .4 8 ) ] .  Boundary
c o n d i t io n s  a re  then  a p p l ie d  a t  th e  i n t e r f a c e  s e p a r a t in g  th e  and 
til(j+1) l a y e r .  The boundary c o n d i t io n s  a p p l i c a b le  to  th e  s o l i d - s o l i d
i n t e r f a c e  a re :
1. C o n t in u i ty  o f  s t r e s s
2. C o n t in u i ty  o f  normal d isp lacem en t
3. C o n t in u i ty  o f  t a n g e n t i a l  d isp lacem ent
E xpress ing  th e s e  t h r e e  in  t h e  c y l i n d r i c a l  c o o rd in a te  system  g iv e s :
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i ) u .
Z 3 = Uz ( j  + 1)
a t  z = -h  . ,
3
i i ) u .r j Ur  (j + l )
11
i
i i i ) a  . r z j " a rz  (j + l )
11
iv ) a  .




Equations (4.23) may be expressed  in  terms o f  th e  unknown fu n c t io n s  A ^ , 
e t c .  in  eq. (4 .22) us ing  eqs .  (3 .45) and (3 .4 8 ) .  We w r i te  f o r  convenience 
from eqs. (3.45) and (3 .4 8 ) :
a
ur  -  5 7  C+a + a r 3
U Z =  iT  +  t k 8  +
2 a 8<f)a a2 2 (4 ' 24)
a zz “ - < + a  + I t  * s r  + (7 T  + k Wa Z
and a a2 2a  = y f - [ 2  3- ^ + ( 2 - ^ 5- + kfl)(|)Q]. rz  8r 8z - , 2  & &a z
We apply eqs .  (4 .24)  t o  (4 .23) us ing  eqs. (4 .22) t o  o b ta in  a r e l a ­
t i o n  t h a t  may be w r i t t e n  in  m a tr ix  form as
[ a . ]  A. . = [ a , .  A . . . , (4 .25)
3 3 , 3  0  + 0  (j + 1 ) ,  3
where th e  [a^ ] and [ a ^  + .g ]  f a c to r s  a re  (4X4) m a t r ic e s ,  each row c o r ­
responding  to  one o f  t h e  boundary c o n d i t io n s  (4 .2 3 ) .  The v e c to r  quan-
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t i t i e s  A. . and A,. . a re  (4><1) column m atr ice s  r e l a t e d  t o  th e  un-
3 , 3  (l + D ,  3
known fu n c t io n s  A ., B .,  C. and D. in  eq. (4 .2 2 ) .  We denote t h e  sub- 
3 3 3 3
s c r i p t  ( j+ l )  as j 1 f o r  sho rthand  in  th e  fo l lo w in g .  The [a^] m a tr ix  i s  
given as
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i.,]. -2 p .g .a  . 3 3 <*3
-a  .1_ a j
2 p .g .a  . 
M3 3 «3
2 2 2 2 2 2p .B ?(2C -k ‘ .) p . 3 , ( 2 ? -k ^ .)




2 2 2where 3- = to k „ . .  The [ a , .  = [ a . ,1  m a tr ix  i s  o b ta in ed  from (4.26)
3 8j (3 + 1) 3




a . , h .
c*3 3
a3
a . .a j  ’
- a  . . h .a3' 3
f i l
a 6 j 1
a _ . , h .
83' 3
D j.e
a 8 j ’
- a . . , h .
83 ' 3
(4.27)
This r e l a t i o n  may be w r i t t e n  in  a s im p le r  form as th e  product o f  
a column m atr ix  and a d iagona l m atr ix .  We w r i te  .
1 . ,  . = [A., ,
3 >3 3 *3 3 '
(4.28)








a . ,a j '
CJL
a3j '
a 3 j '
a . , h . 
s a j '  j




a o - l h -
,  3 l '  1
S u b s t i t u t i n g  eq. (4 .28) i n t o  (4.25) g ives




[ a .  ] [A.  . ] * .  = [ a  ] [A  } t  ,
J J 9 j  J J J 9 J J
(4.29)
where we r e c a l l  t h a t  j 1 = ( j + l ) .  We so lve  the  above f o r  t ^  by p r e ­
m u lt ip ly in g  both  s id e s  o f  eq. (4 .29) by th e  in v e r s e  m a tr ic e s  [a^] *
and [A. .]  * to  o b ta in
3 , 3
A = [A . ] _1[ a . J - 1 [ a . , ] [A , ]*  . (4.30)
J  J j J  J  j J , j j
To s im p l i f y  th e  n o t a t i o n ,  we may w r i te  t h e  p roduct o f  t h e  fo u r  square
m atr ice s  in  eq. (4 .30) as one m a tr ix  r e l a t i n g  t .  t o t
h  = [W A m )  ’ ( 4 ' 3 0 a )
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w h  p r p
[b . ,  . ]  = [A , ] _1 [a ]_ 1 [a ] [A ].
J j J  J y J J J J > J
Now, th e  m a tr ix  [ b ^  + j^  ^ ] i s  a fu n c t io n  o f  £ and th e  p h y s ic a l  p a ra ­
m eters o f  th e  (j + l ) 1'*1 and th e  j 1"*1 l a y e r s .  We may apply  eq . (4 .30a) 
s u c c e s s iv e ly  to  r e l a t e  t h e  c o e f f i c i e n t s  o f  any two l a y e r s .  We n o te  t h a t  
eq. (4 .30)  o r  (4 .30a)  a re  r e c u r re n c e  r e l a t i o n s .  That i s ,  th e  c o e f f i ­
c i e n t  fu n c t io n s  o f  one l a y e r  a re  given in  terms o f  th o se  o f  th e  nex t  
lower l a y e r  and th e  p h y s ic a l  param eters  in  bo th  l a y e r s .
A s u c c e s s iv e  a p p l i c a t i o n  o f  eq. (4 .30a) w i l l  r e l a t e  th e  c o e f f i c i e n t s
tho f  th e  f i r s t  l a y e r  ( j= l )  t o  th o se  o f  t h e  n o r  l a s t  l a y e r .  We w r i t e  
a p roduct form as fo llow s:
where we may s e t
m  = ‘V i M 1-
Eq. (4.31) may then  be w r i t t e n
\  = [M] , (4 .31a)
where re c u r re n c e  r e l a t i o n  (4 .30a)  has been used t o  s u c c e s s iv e ly  e l i m i ­
n a te  th e  c o e f f i c i e n t s  o f  th e  in te rm e d ia te  l a y e r s .  The e f f e c t s  o f  th e  
i n te rm e d ia te  l a y e r s  a re  in c lu d e d  in  th e  [M] m a t r ix ,  which i s  a fu n c t io n
o f  C and th e  p h y s ic a l  pa ram eters  o f  a l l  th e  l a y e r s .  One may denote  the
elem ents o f  th e  [M] m atr ix  as , i ,  j  = 1, 2, 3 , 4. Using eq. (4 .2 8 a ) ,
we see we may w r i t e  (4 .31a) in  expanded form as
V(4.31b)
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A, B DI n n =  + m,, -----a , 12 a 14 aDa l  ctn pn
B, B DI n n  = m00 -----  + m0/1 -----a , 22 a 24 ana l  an 3n
1 n n
a ft1 “ m32 a " m34 a R p i  an pn
D, B D1 n , n  = m.„ -----  + m.. -----a D1 42 a 44 a„31 an 3n
Equation (4.31b) i s  a condensed ex p re ss io n  f o r  th e  dynamics o f  the  
e n t i r e  l a y e re d  v i s c o e l a s t i c  h a l f s p a c e .  The su c ce ss iv e  a p p l i c a t io n  o f  
th e  re c u r re n c e  r e l a t i o n  (4 .30a) given i n  eq. (4.31) e l im in a te s  th e  c o e f ­
f i c i e n t s  A j , B j , C j , Dj f o r  j  = 2, 3, . . . ,  (n -1 ) ;  i . e . ,  th e  e x p l i c i t  
c a l c u l a t i o n  o f  th e  p o t e n t i a l s  and (p^j f o r  th e  in te rm e d ia te  la y e r s  
i s  n o t  n e c e s s a ry .  We n o te  t h a t  th e  fo u r  c o e f f i c i e n t s  o f  th e  f i r s t  l a y e r  
a re  r e l a t e d  to  only  two c o e f f i c i e n t s  in  th e  l a s t  l a y e r .
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D. The L iq u id -S o l id  I n te r a c t io n
The dynamic f i e l d  f o r  th e  system (F igure  2) may be d e t e r ­
mined now u s in g  th e  G reen 's  f u n c t io n  f o r  th e  l i q u i d  (4 .21) and th e  
r e s u l t  f o r  th e  l a y e re d  v i s c o e l a s t i c  bottom [eq. (4 .3 1 b ) ] .  The i n t e r ­
a c t io n  o f  th e  l i q u i d  and th e  s o l i d  f i e l d s  i s  de term ined  by th e  boundary 
co n d i t io n s  a p p l i c a b le  a t  the  i n t e r f a c e  s e p a r a t in g  th e  two media. The 
boundary c o n d i t io n s  a re :
0 zzo = a zZl = -Po a t  2 = 0
"  (4 .32)
i i i )  o = 0  " ,
rZ l
where th e  s u b s c r i p t  0 r e f e r s  t o  th e  l iq u i d  and 1 to  th e  f i r s t  v i s c o ­
e l a s t i c  l a y e r .
The f i r s t  two c o n d i t io n s  a re  c o n t in u i ty  o f  normal s t r e s s  and d i s ­
placement a t  th e  i n t e r f a c e .  These a r i s e  from th e  e q u a t io n  o f  motion 
and th e  c o n t i n u i t y  e q u a t io n .  The t h i r d  i s  a consequence o f  c o n t in u i ty  
o f  s t r e s s  a t  th e  i n t e r f a c e .  We n o te  t h a t  th e  i n v i s c id  l i q u i d  cannot 
s u s ta in  a sh e a r  s t r e s s .  The c o n t i n u i t y  o f  t a n g e n t i a l  d isp lacem en t  has 
been r e la x e d  due t o  th e  p resence  o f  th e  l i q u i d .
One e v a lu a te s  eq s .  (4.32) u s in g  e q s . ( 4 .2 1 ) ,  (4 .22) and (4 .24)  to  
o b ta in  th e  fo llo w in g  m atr ix  r e l a t i o n :
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H(to) aQcosh a0hQ - a al al
HCaiDp (o2s in h  aQh 0 p ^ 2 ^ 2- ^ )  p ^ t f ^ - k 2 )
-2a a l 2aa l
-2p a gl  S p jg j?  a ^









Equation (4.33) has f iv e  unknown fu n c t io n s  Ag, A^, e t c .  and on ly  
t h r e e  independent e q u a t io n s .  We may reduce th e  number o f  unknown 
fu n c t io n s  to  t h r e e  by app ly ing  th e  r e s u l t  o b ta in e d  from th e  re c u r re n c e  
r e l a t i o n  [eq . (4 .3 1 b )] .  Equation (4.31b) r e l a t e s  th e  fo u r  unknown 
fu n c t io n s  in  th e  f i r s t  l a y e r  t o  th e  two fu n c t io n s  in  th e  l a s t  l a y e r .  
Applying t h i s  t o  eq. (4.33) g ives
(4.34)
~ a0cosh a0h Q b u b 13 Ao^ao aQcosh a0z '
p0a)2s in h  a0hQ b22 b23 B / a  n ' an
2
= a0
P0w2s in h  aQz '




b 12 = aa l^ m22 " m12-* + ? ^m32 + m42-*’
b 13 = aa l (m24 " m14) + ? (m34 + m44) *
b22 = p / i ^ 2 '  kB l ^ m12 + m22) + Cm42 “
b 23 = p A ^  -  k3 1 ^ ra14 + m24) + (m44 " m3 4 ) 2 p A A a f$l>
b 32 = 2aa l <-m22 _ m12-) + *-2S " k3 l ^ m32 + m42')
b 33 = 2aa l (m24 “ m14) + ^  ^  (m34 + m44) -
Since we a re  p r im a r i ly  i n t e r e s t e d  in  t h e  a c o u s t ic  f i e l d ,  we wish 
to  so lv e  fo r  Aq in  eq. (4 .34 ) .  Applying Cram er's  r u le  g ives
A0 = 2 A0 '
where
2 .Aj = K ^ q co sh (a0z ' )  - s in h  (aQz ' )
and 2 .Aq = c o sh (a0h0 ) - K2 pQu) s in h  (aQh0) .
(4.35)
The f a c to r s  Kj and K2 a re  given as
and
K1 " b22b 33 -  b 32b23
K2 ° b 12b 33 -  b 13b 32'
(4.35a)
The ex p re ss io n  f o r  Aq in  eq. (4 .35) i s  a p p l ie d  t o  t h e  G reen 's  
fu n c t io n  express ions  (4 .21) t o  y i e l d
£> = i i i f - s in h [ a o (ho -z ) ]
2KjaQCOsh aQz '  -  K2pQu) s in h  aQz '
2 .
and
K1ancosh anh n -  K,pnto s in h  anh
2 .
£< = i r f  s m h U o
L i  o o o " 2 ^ 0  




LKl a 0 c o sh  a 0h Q -  K ^ s i n h  a ^
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We may apply  th e  n o ta t io n  used in  eq. (4 .16) f o r  th e  unbounded f l u i d  
to  combine th e s e  two e x p re s s io n s  f o r  th e  G reen 's  fu n c t io n ,  g iv ing
G (C ,z ,z ')  = [ s inh  a0 (hQ- z >)]
2K1a 0c o sh (a ()z<) - K ^ t o  s in h ( a ()z<)
2
K^coshCaQhQ) - K2pQa) s in h ( a Qh0) j
where, as b e fo re  (4.37)
z> = Max ( z , z ' )
and
z< = min ( z , z ' ) .  This  r e s u l t  i s  a consequence o f  th e  p r i n c i p l e  
o f  r e c i p r o c i t y  whereby th e  form o f  the  G reen 's  fu n c t io n  i s  i n v a r i a n t  
w ith  r e s p e c t  t o  an in te rch a n g e  o f  th e  source  and f i e l d  p o in t .
Equation (4 .37) i s  the  tran sfo rm ed  ex p re ss io n  f o r  th e  s o lu t io n  to  the  
m u l t i - l a y e r  problem. The f a c t o r s  and co n ta in  a l l  th e  e f f e c t s  o f  
the  layered  v i s c o e l a s t i c  subbottom due t o  t h e i r  dependence on the  [M] 
m a tr ix ,  as can be seen from eq s .  (4 .35a) and (4 .3 4 ) .  The a c tu a l  G reen 's  
fu n c t io n  must be ob ta in ed  by t a k in g  the  in v e r s e  F o u r ie r -B e ss e l  t ran s fo rm  
o f  eq. (4 .3 7 ) .  The ex p re ss io n  f o r  th e  G reen 's  fu n c t io n  in  th e  frequency  
domain may be w r i t t e n  us ing  eq. (4 .4 )  as
f  00
G (r ,z ,z ' ,u > )  = G ( £ , z , z ' ) J 0 ( i;rK dS . (4.38)
One may observe  t h a t  the  s i n g u l a r i t i e s  o f  eq. (4 .37)  a re  im portan t 
when perform ing th e  i n t e g r a t i o n  in d ic a te d  in  eq. ( 4 .3 8 ) .  Pole s in g u ­
l a r i t i e s  occur when th e  denominator o f  eq. (4 .37) goes to  z e ro ,  o r
A0 = 1Cl a0COsh^a 0h0') " K2P0w2sinh( a^ 0h0^ = ° ’ (4.39)
One may m anipu la te  t h i s  i n to  th e  fo llow ing  form
Ki aot a n h ( a nh ) -0 0J „ 2 ’
K2p0“
where th e  dependence on th e  w ater  depth appears  on th e  l e f t -h a n d  s id e  
and the  subbottom e f f e c t s  a re  on th e  r i g h t .
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The G reen 's  fu n c t io n  ex p ress io n s  given i n  eqs .  (4 .37)  and (4.38) 
a re  too  complex a lg e b r a i c a l l y  to  analyze  d i r e c t l y  f o r  t h e  g en e ra l  case 
due to  the  dependence o f  th e s e  e x p ress io n s  on th e  r e c u r re n c e  r e l a t i o n .  
However, th e s e  forms, as developed h e re ,  a re  i d e a l  f o r  computer a n a ly s i s  
due to  th e  i n t r o d u c t io n  o f  th e  re c u r re n c e  r e l a t i o n  [eq. (4 .3 0 a )]  and i t s  
r e s u l t  [eq. ( 4 .3 1 ) ] .  The re c u r re n c e  r e l a t i o n  reduces  a l l  c a lc u la t io n s  
t o  (4x4) m a tr ix  o p e ra t io n s ,  which can be performed e a s i l y  on a computer. 
The gene ra l  n - l a y e r  problem , i f  so lved  w ithou t b e n e f i t  o f  a r ec u r re n c e  
r e l a t i o n ,  would r e q u i r e  in v e r s io n  o f  a (4n-2) squa re  m a tr ix .  The o rd e r  
(4n-2) o f  th e  m atr ix  i s  governed by the  number o f  c o e f f i c i e n t  fu n c t io n s  
Aj , B j , C_. and in  th e  e x p re s s io n  (4 .22) f o r  t h e  p o t e n t i a l  fu n c t io n s  
f o r  each l a y e r .  The computation tim e o f  th e  a n a ly s i s  w i l l  become e x c es ­
s iv e  w ith  a l a rg e  number o f  l a y e r s .  Applying th e  r e c u r re n c e  r e l a t i o n  
reduces  th e  computer tim e f o r  n la rg e  due t o  th e  cascad ing  f e a t u r e  seen 
in eq. (4 .3 1 ) .  That i s ,  doub ling  th e  number o f  l a y e r s  w i l l  r e s u l t  in  an
approxim ate doubling  o f  computer t im e. Another obvious advantage o f  th e
r e c u r re n c e  r e l a t i o n  i s  th e  conc iseness  o f  the  n o t a t io n  and i t s  g e n e r a l i t y ,  
bo th  o f  which a re  advantageous f o r  computer work.
E. S p e c ia l  Cases
The g en e ra l  e x p re s s io n  (4.37) f o r  th e  G reen 's  fu n c t io n  f o r  th e
response  in  a m u l t i l a y e re d  h a l f s p a c e  i s  to o  complex to  ana lyze  f u r t h e r .
We now examine some s p e c i a l  cases  t h a t  a re  o f  i n t e r e s t .  The f i r s t  case 
we examine i s  t h a t  f o r  one v i s c o e l a s t i c  l a y e r  (n = l) .  In t h i s  case  the  
s o l i d  subbottom i s  taken  as a homogeneous h a l f s p a c e .  This  problem has 
been analyzed  by P ress  and Ewing [40] p re v io u s ly  f o r  an e l a s t i c  s o l i d  
subbottom.
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1) One V i s c o e l a s t i c  Layer (n=l) In t h i s  c a se ,  th e  rec u r re n c e  
r e l a t i o n  (4 .31) i s  n o t  r e q u i r e d .  The [M] m a tr ix  (4 .31a) and (4.31b) 
reduces to
mZ2 = 1
m44 = 1 >
and th e  o th e r  elem ents a re  s e t  to  zero . The elem ents appearing  in
(4.34) reduce  t o  th e  fo llow ing
b .n  = a .12 a l
b 13 " 5
b 22 = p / i ^ 2 ~ k8 P
b 23 = 2p l Bl ? ag l
b 32 = 2aa l
b 33 = ^  '  kBl3-
Applying th e s e  t o  th e  ex p re ss io n  f o r  Kj and (4.35a) gives
,2 _2
K l  =  P j .^1 ( 2 ?  -  K j  -  e a w 1a ,31' Jl pl^ a l  B1
£
and ^  = - ^ g i aa i-  Applying th e s e  r e s u l t s  t o  th e  g en e ra l  ex p re ss io n
fa r  th e  G reen 's  fu n c t io n  (4.37) g iv e s ,  a f t e r  some re a r ra n g in g
G ( s , z , z ' )  =
= § M  5illhtao(ho-S )I.
^ a0 [t2«2-k61)2-4aala61?2 ,<:osh(a0z<:i*acilkBl5i,,h(V < :i
a„ [ (2C2-k 21) 2-4ao l a elC2 ]cosh ( a ^ j . a ^ s i n h  (a„h0 )
(4.40)
This r e s u l t  ag rees  w ith  P re ss  and Ewing's [40] equa tions  (26) and (27),
a f t e r  changing c o o rd in a te  systems and n o t a t i o n .  Our r e s u l t  c o n ta in s  a
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1/4tt f a c t o r  due to  th e  G reen 's  fu n c t io n  formalism. We n o te  t h a t  th e  
in t r o d u c t io n  o f  v i s c o e l a s t i c i t y  does n o t  change th e  G reen 's  f u n c t io n  form. 
The pa ram eters  and in  eq. (4.40) become complex q u a n t i t i e s ,  as
do a , and a Q1. a l  31
Another case  o f  i n t e r e s t  t h a t  can be d e r iv ed  from th e  g en e ra l  
r e s u l t  i s  th e  i n f i n i t e - d e p t h  case .  Here we sim ply tak e  h^ ■+ °° in  
eq. (4 .37 ) .
2) I n f i n i t e  L iquid  Layer Depth (hQ -»■ °°). The g en e ra l  ex p re ss io n  
f o r  th e  G reen 's  fu n c t io n  reduces t o  th e  fo llow ing :
G ( ? , z , z ' )  =
- '  f « 1a0c o sh (a 0z<) - K ^ s i n h  ( a ^ ) ]
2H(co) o" Ca0z>5 
4 TO,“0 (Kia0 -  K2p0o)2)
Note t h a t  th e  frequency eq u a tio n  reduces to
Kl a0 " K2p0“ 2 = °*
I f  one combines th e  two s p e c i a l  cases  by s e t t i n g  n= l and h^ -»• 
the  G reen 's  fu n c t io n  tak e s  th e  form 
P£ ( ? , z , z ' )  =
_ 2H(a>) - (a0Z>  ^ <
4TO0
a0 [{2r2-kg1) 2-4aa la61C2 ]cosh(a0z<j ,k | |1aalSinh{a0z<)
^  ao " 2 ' 2- kBl)2 - 4 \ l a ^ 2 ]  + lt61a« l
(4 .42) '
Equation (4 .42)  r e p r e s e n t s  th e  G reen 's  fu n c t io n  f o r  th e  s e m i - i n f in i t e  
l i q u i d  over a homogeneous v i s c o e l a s t i c  h a lf s p a c e .
The r e s u l t  f o r  t h e  i n f i n i t e  l i q u i d  l a y e r  depth  (4 .41) may be r e ­
a rranged  and pu t i n to  th e  fo llow ing  form by expanding th e  s in h  and cosh 
terms in  th e  num erator:
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+ e
-a n (z + z l0 "< (4.43)
One sees t h a t  th e  f i r s t  term  i s  i d e n t i c a l  to  eq. (4.16) f o r  th e  unbounded 
f l u i d .  This im p lies  t h a t  t h e  term  r e p r e s e n t s  the  d i r e c t  wave (through 
th e  w ater)  from source  to  r e c e iv e r .  The second term i s  th e  response  
due to  th e  p resence  o f  th e  v i s c o e l a s t i c  subbottom. The second term  
in c lu d es  th e  e f f e c t s  o f  r e f l e c t i o n ,  r e f r a c t i o n ,  s u r fa c e  waves e t c .  as 
w i l l  be shorn  in  C hapter  VI.
One may w r i te  eq. (4 .43) f o r  one s o l i d  l a y e r  (n=l) as fo l lo w s :
Perform ing th e  in v e r s e  F o u r ie r -B e ss e l  t ra n s fo rm a t io n  on th e  second term 
o f  eq. (4 .44 )  w i l l  be th e  purpose  o f  Chapter VI. The nex t  c h a p te r  w i l l  
be concerned with th e  in v e r s e  t ra n s fo rm a t io n  o f  eq. (4 .40 ) .
+ e
- a n (z + z .)0 > c-'NCC) 
D(?) (4.44)
where
N(?) = ma0 ( 2 j -  -  l ) 2 
L kgi
aa l ’
D(?) = ma0 ( ^ | -  -  l ) 2 + a,a l
and m = Pj /P q .
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V. GREEN'S FUNCTION FOR THE RESPONSE IN THE LIQUID 
LAYER OVERLYING A HOMOGENEOUS VISCOELASTIC HALFSPACE
A. The I n te g r a l  Form f o r  the  G reen 's  F u n c t io n . One may w r i t e ,  
from th e  r e s u l t  o f  th e  p reced ing  c h a p te r ,  t h e  G reen 's  f u n c t io n  f o r  
n = l ,  o r  one v i s c o e l a s t i c  l a y e r  (a h a lf s p a c e )
G ( S ,z ,z ' ,w )  = s in h  [aQ (hQ- z >)] n o ;2 ) '
Ldg ;2 ) .
(4 .40)
where
N(£2) = ma0 [(2^2- k g ) 2 - 4aa agC2] cosh ( a ^ )  + aakg s inh fagZ ,,) ,
D(C2) = maQ [ (2£;2- k ^ ) 2 - 4aa a(3?2] cosh (aQh 0) + aQkg s in h ( a 0hQ) ,
a . = a , a Q1 = a OJ kfl1 = kQ and k . = k .al a ’ 31 3 31 3 a l  a
Equation (4.40) i s  the  F o u r ie r -B e sse l  t ran sfo rm ed  form f o r  th e  G reen 's
f u n c t io n .  We wish to  perform  th e  in v e r s e  t r a n s fo rm a t io n  us ing  eq .  (4 .3 8 ) .
The d e s i r e d  form f o r  th e  G reen 's  fu n c t io n  in  th e  frequency  domain i s
w r i t t e n  as an im proper i n t e g r a l  in  th e  form
00
G ( r , z , z ' ,oj) = G (C ,z ,z ' , to )J 0 (^r)CdC (4.38)
00
o r ,  from eq . (4 .4 0 ) :  r-
. / s in h [a „ (h _ -z  1] u , - 2 *n r  . v 2H(0d) / 0^ 0 >J N(£ ) TG ( r , z , z '  ,a)) = vV J . I -------- ^ J n ( ?r ) ?dc.
477 J a 0 D(C )0
(5 .1 )
This e x p re s s io n  i s  an improper i n t e g r a l  due t o  th e  i n f i n i t e  upper l im i t  
and p resence  o f  s i n g u l a r i t i e s  in  the  in te g r a n d .  The i n t e g r a t i o n  o f  
eq. (5 .1 )  has been d isc u sse d  by Press  and Ewing [40] f o r  th e  e l a s t i c  
s o l i d  c a se .  The d i s c u s s io n  h e re  t r e a t s  the  more g en e ra l  case  where
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damping o r  v i s c o e l a s t i c i t y  i s  in c lu d e d .  As d isc u s s e d  b e fo r e ,  v i s c o e l a s ­
t i c i t y  e f f e c t s  a re  m an ifes ted  by the  im aginary  component o f  th e  wavenumbers 
k and kQ in  th e  subbottom.
01 p
We choose t o  m anipu la te  eq. (5 .1 )  so t h a t  th e  range o f  i n t e g r a t i o n  
in c lu d e s  th e  whole l i n e ,  o r
_oo < £ < oo. To do t h i s ,  we n o te  th e  fo llow ing  r e l a t i o n s  in v o lv in g  
z e ro th  o rd e r  Bessel fu n c t io n s  [28]:
f ”
H « > w  = ^  / e i x  C° sh “  du,Jo
r. , ( 2 ) ,  .. 2i / - i x  cosh u , ec
H0 to  = tT J  0e du *• 5
and JQ(x) = \  [Hq1  ^(x) + Hq(2)(x)].
The l a s t  i d e n t i t y  i s  analogous to  th e  breakdown o f  t r ig o n o m e t r ic  fu n c t io n s  
i n t o  e x p o n e n t ia l s ,  as p o in te d  out by Sommerfeld [47]. In p a r t i c u l a r ,  one 
may w r i te
1 i x  - i xcosx = [e + e ] ,  a form d i r e c t l y  analogous t o  th e
ex p re ss io n  f o r  J q (x) in  eq. (5 .2 ) .  The fu n c t io n s  J q (x) and cosx may be
cons ide red  s ta n d in g  waves, w hile  th e  e x p o n e n tia l  forms and th e  Hankel
fu n c t io n s  and r e p r e s e n t  t r a v e l i n g  waves. The r a d i a t i n g  waves
may be incoming o r  ou tgoing  ( r a d i a t in g )  depending on th e  form taken  fo r
the  time dependence. The tim e dependence i s  governed by th e  k e rn e l  o f
th e  F o u r ie r  t ra n s fo rm  in  t im e. We see  t h a t  th e  k e rn e l  f o r  t h e  fu n c t io n
f ( t )  in  eq. (3.9b) i s  e ia ) t . T h e re fo re ,  ou tgo ing  waves must have as nega-
- i x
t i v e  exponent; e . g . ,  they  must be o f  t h e  form e . One sees  from
(2 )eq. (5 .2 )  t h a t  th e  i n t e g r a l  form f o r  Hq i s ,  m  e f f e c t ,  a s u p e rp o s i t io n
o f  outgo ing  waves. For t h i s  reason  we wish to  exp ress  eq. (5 .1 )  in
(2 )terms o f  t h e  Hankel fu n c t io n  . Since t h e  argument o f  th e  Bessel
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(2)
fu n c t io n  i s  £ r ,  one sees  t h a t  th e  choice o f  (£r) r e p r e s e n t s  r a d i a ­
t io n  in  th e  r - d i r e c t i o n .  The v a r i a b le  o f  i n t e g r a t i o n  t, i s  then  a 
wavenumber, so th e  i n t e g r a t i o n  i s  over th e  wavenumber domain.
One a ls o  n o te s  th e  fo llow ing  i d e n t i t y :
which can be v e r i f i e d  by in s p e c t io n  from th e  i n t e g r a l  forms f o r  th e  
Hankel fu n c t io n s  in  eq. ( 5 .2 ) .  We s u b s t i t u t e  th e  l a s t  i d e n t i t y  in  
eq. (5 .2 )  i n to  eq. (4 .40) to  o b ta in  two term s:
The f i r s t  i n t e g r a l  i s  in  the  d e s i r e d  form. We change v a r i a b le s  in  th e  
second as fo llo w s:
and d£' = -d £ ,  where we no te  t h a t  a^(^) = a g ( £ ' ) ,  e t c .  The i d e n t i t y
(5 .3 )  i s  ap p lie d  to  the  second i n t e g r a l .  A f te r  e lem entary  m an ip u la t io n ,  
we w r i te  the  i n t e g r a l  form f o r  th e  G reen 's  fu n c t io n  a s :
This form w i l l  be more conven ien t  fo r  e v a lu a t io n  u s in g  complex v a r i a b le  
te c h n iq u es  and con tour  i n t e g r a t i o n .
Equation (5 .5) i s  now expressed  in  nondim ensional form. We r e c a l l  
t h a t  £ i s  a wavenumber, so i t  i s  n a tu r a l  t o  d e f in e  a nondim ensional 
v a r i a b le  o f  i n t e g r a t i o n  x in  term s o f  the  wavenumber kg in  th e  l iq u i d
(5 .3 )
CO
s in h  a_(h_-z )O'- 0 > §  (C2) Hj2 ) (C r )? d C +a,0
CO
C?rKd? (5 .4 )




In a d d i t io n ,  one may in t ro d u c e  th e  fo llow ing  nondimensional p a ram ete rs :
a  = W
3 = kg/ k Q (5 .7 )
and Yr  = k0r -
Here a  and 0 a re  complex q u a n t i t i e s  i f  damping i s  p r e s e n t  in  th e  sub ­
bottom . The nondimensional pa ram ete r  yr  i s  a r a t i o  o f  two leng th  
s c a l e s .  This may be seen from th e  r e l a t i o n  between th e  wavelength Aq in
th e  l i q u i d  and th e  correspond ing  wavenumber: 
o 2ttc n
■ <5 - 7a)
where to i s  th e  f requency . I f  one a p p l ie s  t h i s  to  th e  e x p re s s io n  f o r  y^ 
in  eq. (5 .7 ) ,  we have 
2  t i ty = 7T—  , a r a t i o  o f  two len g th  s c a l e s ,  r  A0
R e fe rr in g  t o  Table 1 i n  Chapter I ,  we se e  t h a t  f o r  marine sedim ents  in  
sha llow  w ater
Re{a} < 1 
and Re{g} > 1.
The q u a n t i t i e s  aQ, a^  and ag may be w r i t t e n
2
a0 = ko (x
'2
aa  = k0 (x2- a 2)^  (5 .7b)
and ag = k0 (x2- g 2)'2.
We express  eq. (5 .5 )  in  nondimensional form us in g  eqs .  (5 .6 )  and (5 .7 ) :
kQH(o3) / s in h [ k 0 (h0- z >) (x - l ) 2] r . , ,  2 , i
G ( y r . V V » )  -  --------------------
f N(x^) 
,D(x2 ) J




N(x2 ) = m(x2 - l ) ^ [  (2x2-ft2) 2 -  4 ( x 2 - a 2 ) Js(x2 - 6 2 ) V ] c o s h [ k 0 z< (x2 - l ) 35] +
0 4 ,  2 2-.% . . . .  . 2+ 3 (x - a  ) 2s in h [k ()z< Cx - l ) 2]
and
D(x2) = m(x2 - l ) J2 [ ( 2 x 2 - 3 2 ) 2 -  4 ( x 2 - a 2 ) 32(x2 -B2 ) V ] c o s h [ k 0 h 0 (x2 - l ) 3s]
+ 34 (x2-cc2) '5s in h [k 0h 0 (x2- l ) ' s ] .
We wish to  e v a lu a te  th e  i n t e g r a l  (5 .8 )  u s in g  complex v a r i a b l e  t e c h ­
niques. One does t h i s  by i n t e g r a t i n g  around a c lo se d  curve in  th e  complex 
z = x + iy  (5 .9)
p la n e ,  where th e  con tour  in c lu d e s  the  r e a l  ax is  and th e  s i n g u l a r i t i e s  o f  
th e  in te g ra n d  o f  (5 .8 )  in  th e  z -p lan e  a re  taken  i n to  accoun t .  Note t h a t  
th e  complex v a r i a b le  z i s  no t r e l a t e d  t o  t h e  c o o rd in a te  z in  F igu re  2.
In th e  fo l lo w in g ,  th e  symbols z> and z< w i l l  be used f o r  z and z '  r e p r e ­
s e n t in g  c o o rd in a te s  t o  e l im in a te  con fus ion .
B. I n te g r a t io n  in  th e  Complex Plane
The complex v a r i a b le  z = x + i y  i s  in tro d u c e d  f o r  x in  th e  
in te g ra n d  o f  eq. ( 5 .8 ) .  We w r i te  th e  con tou r  i n t e g r a l  I co rrespond ing
t o  eq. (5 .8 )  as :
I = CD-
f s inh  k0 (hQ-z >) (z2- l ) ^
2J  (Z - l ) 2 LP(z ) .
2.-1N(z )
2. Hq2^(Yrz )zd z ,  where (5.10)
2 2N(z ) and D(z ) a re  o f  the  same form as in  eq. ( 5 .8 ) .  We must now
choose an a p p ro p r ia te  con tour  so t h a t  p a r t  o f  i t  l i e s  a long  th e  r e a l  
a x i s .  In a d d i t io n ,  th e  s i n g u l a r i t i e s  o f  eq. (5 .10) ly in g  w i th in  th e  
con tour must be ana lyzed . Two k inds  o f  s i n g u l a r i t i e s  occur:  p o les  and
branch p o in t s .  The b ranch  p o in t  s i n g u l a r i t i e s  occur due to  th e  p resence  
o f  q u a n t i t i e s  taken  t o  th e  1/2 power and th e  Hankel fu n c t io n .  These
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make th e  in te g ra n d  o f  eq . (5.10) m u l t ip le -v a lu e d  u n le s s  one draws c u ts
from the  branch p o in t s  t o  p o in t s  on th e  con tour  where th e  in te g ra n d
v a n ish e s .  One may then  s p e c i fy  a  branch ( fo r  each s i n g u l a r i t y )  making 
th e  in te g ra n d  s in g l e - v a lu e d  p rov ided  th e  con tou r  does n o t  c ro s s  a 
branch c u t .
Poles occur where th e  in te g ra n d  becomes i n f i n i t e ;  i . e .  when
D(z2) = 0. (5 .11)
E quations  (5 .11) i s  th e  frequency  eq u a tio n  f o r  th e  system . That i s ,  
s o lu t io n s  ( ro o ts )  o f  t h i s  equa tion  r e p r e s e n t  nondimensional wavenumbers,
o r  s p a t i a l  f r e q u e n c ie s .  We note  t h a t  p o les  a p p a re n t ly  occur a t  z = -1
2 3-*due to  th e  (z - I ) 2 f a c t o r  in  the  denominator o f  eq. (5 .1 0 ) .  These a re  
not t r u e  p o le s  due to  t h e  s in h  term in  th e  num era to r .  I f  one expands
th e  s in h  term  in  a power s e r i e s  one may w r i te  „ ,
2 J. 2 I M h Q - z J ^ - n V
s inh  k0 (h0-z > ) (z  -1) - = k0 (hQ- z >) ( z  - 1 ) "  +    + . . .
2A (z - 1 Y *  f a c t o r  may be p u l l e d  out o f  th e  expansion c a n c e l l in g  out the  
co rresponding  f a c t o r  in  th e  denominator.
Schermann [42] i n v e s t i g a t e d  th e  r o o ts  o f  eq . (5.11) f o r  t h e  case  o f  
no damping (a and (3 r e a l ,  in  our n o t a t i o n ) .  He found a f i n i t e  number 
o f  r e a l  r o o ts  ly in g  in  t h e  reg ion  
a  '< x < 1.
In a d d i t io n ,  lie found an i n f i n i t e  number o f  complex r o o t s .  Ewing, e t  a l  
[ 7 ] ,  in  a d isc u s s io n  o f  Schermann's r e s u l t s ,  conclude t h a t  th e  complex 
r o o ts  do no t l i e  in  th e  p e rm is s ib le  Riemann s h e e t .  The lo c a t io n  o f  the  
r o o t s  i s  d i sc u s s e d  in  d e t a i l  in  Appendix B. The e f f e c t  o f  sm all  damp­
ing  i s  t o  p u l l  th e  ro o ts  s l i g h t l y  o f f  th e  r e a l  a x is  i n to  the  f o u r th  quad­
r a n t  fo r  p o s i t i v e  r o o ts  and in to  th e  second quad ran t  f o r  n e g a t iv e  o n e s .
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At t h i s  p o in t  we determ ine  th e  Riemann s h e e t  f o r  t h e  in te g ra n d  o f
eq. (5 .1 0 ) .  We s p e c i f y  one branch f o r  each o f  th e  f a c t o r s  in t ro d u c in g
( 2 )
branch  p o in t  s i n g u l a r i t i e s .  We s t a r t  w ith  the  Hankel fu n c t io n  (Yr z ) . 
This  g ives  us a lo g a r i th m ic  s i n g u l a r i t y  a t  z = 0. We draw a c u t  from 
z = 0 down the  n e g a t iv e  imaginary a x i s ,  and s p e c i fy  
-ir/2 <{Arg H ^ ( y r z)} < 3ir/2.
S ix  a d d i t io n a l  branch p o in ts  occur when
a0 = °»
a = 0 a
and a = 0.p
From eq. (5 .7b) one se e s  t h a t  the  co rrespond ing  branch p o in t s  a re  a t  
z = ±1, 
z = ±a 
and z = ±3 .
We draw branch c u ts  as shown in  F igu re  3 . R eca ll in g  th e  e x p ress io n  f o r  
a^ ,  a^ and a^ from eq. ( 5 .7 b ) ,  we w r i te  in  the  complex p la n e :
a o = V z2- 1)J*’
aa  = kQ(z 2- 2 ) h  (5 .12)
2 2and a^ = k^(z  - 3  ) . A pp rop ria te  b ranches  o f  t h e s e  q u a n t i t i e s  a re
taken  by s e t t i n g
-7T/2 < A rg{(z2-1 )^}  <7t/ 2  ,
-ir/2 < A rg{(z2- a 2)^} < u /2  
and - t t / 2  < A rg{(z2-#2) '5} < ir/2.
T h is  i s  e q u iv a le n t  to  r e s t r i c t i n g  th e  r e a l  p a r t  o f  a ^ ,  &a  and a^ to  be
C O M P L E X  P O L E S
B R A N C H  C U T
FIGURE 3
L iqu id  Layer Problem: Complex P lane
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p o s i t i v e .  The choice  o f  th e s e  branches i s  c o n s i s t e n t  w ith  ta k in g  th e  
p o s i t i v e  square  ro o t  fo r
a QU 2 - k 20 ) h  in  eq. ( 4 .8 ) .
Having lo c a te d  th e  s i n g u l a r i t i e s  o f  th e  in te g r a n d ,  we now s e l e c t  
an a p p ro p r ia te  c o n tou r .  P a r t  o f  th e  con tour must l i e  on th e  r e a l  a x i s ,  
as t h i s  p a r t  r e p r e s e n t s  th e  G reen 's  fu n c t io n  eq . (5 .8) . We may c lo se  
th e  con tour w ith  i n f i n i t e  s e m ic i r c le s  in  th e  upper o r  lower h a l f p la n e s  
prov ided  th e  pa th  loops around th e  branch c u ts .  To dec ide  which sem i­
c i r c l e  to  t a k e ,  we r e c a l l  from eq . (5 .2) th e  i n t e g r a l  form f o r  th e  
Hankel fu n c t io n  appear ing  in  eq. (5.10)
_ Z i  f ' V C 0 S h U d n.  ( S .2)
n i 2 '(Y  *) -  i r -  fe0 v , r  1 7r o J
We exp ress  z a long th e  s e m ic i r c le  as
z = Re1® = R(cos0 + i  s in 0 )  (5.13)
where R i s  a p o s i t i v e  r e a l  number (R -*■ °°), and 0 i s  the  argument o f  z 
measured p o s i t i v e  coun te rc lockw ise  from th e  p o s i t i v e  r e a l  a x i s .  Sub­
s t i t u t i n g  eq . (5 .13) i n to  (5 .2 )  g ives
- i y  R cos0 cosh u Rsin0 cosh u
H' 2) (V ) = r -  L e  r  eY
v*
“ 5T" J o
The f i r s t  e x p o n e n t ia l  term  i s  o s c i l l a t o r y ,  where ou tgoing  waves (with 
r e s p e c t  to  r )  correspond  t o  p o in t s  in  th e  f i r s t  and fo u r th  q u a d ra n ts .  
This i s  th e  rea son  f o r  t a k in g  th e  branch c u ts  as shown in  F igu re  3.
That i s ,  th e  c u ts  r e p r e s e n t  a continuous spectrum  o f  outgoing r a d i a t i o n  
in  th e  l a t e r a l  ( r )  d i r e c t i o n .  The second e x p o n e n tia l  van ish es  f o r  
l a rg e  R in  t h e  lower h a l f p la n e  due to  th e  s in0  te rm . One then must 
c lo se  th e  con tou r  in  the  lower h a l f p l a n c e ,  where th e  in te g ra n d  van ishes
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e x p o n e n t ia l ly  a long  th e  a rc  f o r  R -> This a r c  w i l l  no t c o n t r ib u te  to  
the  con tour i n t e g r a l .
We may r e a d i ly  v e r i f y  t h a t  th e  rem ainder o f  the  in te g ra n d  in  
eq. (5 .10) van ishes  a long th e  lower i n f i n i t e  s e m ic i r c le .  The h y p e rb o l ic  
fu n c t io n s  degenera te  to  e x p o n e n tia ls  f o r  R -* °°. One then  w r i te s
as R °°. This c l e a r l y  van ishes  a long th e  s e m ic i r c le .  We now draw 
th e  con tour  as shown in  F igure  4 . The path  o f  i n t e g r a t i o n  must loop 
around th e  b ranch  c u ts  to  avoid c ro s s in g  them. We ta k e  th e  loops very  
c lo se  to  th e  c u ts  to  s im p l i fy  th e  e v a lu a t io n  o f  th e  i n t e g r a l .  The 
p o r t io n  o f  t h e  p a th  a long  th e  r e a l  a x is  i s  deformed s l i g h t l y  t o  avoid 
th e  s i n g u l a r i t i e s  a t  z = 0 and z = 1. A s l i g h t  deform ation  o f  th e  o r i ­
g in a l  pa th  a long  th e  r e a l  a x is  i s  p e rm is s ib le  as long as t h e r e  a re  no 
po les  ly in g  between the  o r ig i n a l  and t h e  deformed p a th .  We denote  th e  
loop p a th s  around th e  cu ts  as Tq, and f o r  th e  b ranch  p o in ts
a t  z = 0 , a ,  1 and (3, r e s p e c t iv e ly .
Having determ ined  th e  lo c a t io n  o f  th e  s i n g u l a r i t i e s  and th e  c o n to u r ,  
we may apply  th e  re s id u e  theorem [ 3 ]  t o  eq. (5 .10) g iv ing
s in h [k  Hi - 7 ) ( z 2 - l ) ^ ]
~N(z2)1
-D(z2) .
- k0 (z>-z<) t z2_1^e
I =
f
= 2tu£ (R e s id u e s ) , (5.14)
where / s in h [ k n (hn-z  ) (z2- ! ) 15]O'- 0 >IO’ct’l’B Hq (Yr z)zdzr
z =  x +  iy P L A N E
FIGURE 4
Liquid  Layer Problem: Contour o f  I n t e g r a t i o n
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and th e  G reen 's  fu n c t io n  term  a r i s e s  from eq. ( 5 .8 ) .  Equation (5.14) 
i s  a s ta te m e n t  t h a t  th e  con tou r  i n t e g r a l  ( c o n s i s t in g  o f  the  sum o f  the  
segments a long  th e  r e a l  a x is  and around each branch c u t)  i s  equa l t o  th e  
sum o f  i t s  r e s id u e s .  We wish to  f in d  th e  G reen 's  fu n c t io n ,  so a f t e r  r e ­
a r ra n g in g  eq. (5.14) we f in d
f T a. T j. T 4.
k0H(w) _ .
G(Yr ,z > ,z <Jco) =   [ I Q + I o + I 1 + I g - 2-rriZ (R es idues)] .
(5.14a)
Taking th e  con tou r  i n t e g r a t i o n  r e p la c e s  th e  improper i n t e g r a l  a long the  
r e a l  l i n e  [eq. (5 .8 ) ]  w ith  a sum o f  fo u r  loop i n t e g r a l s  and re s id u e  
term s. This may not appear  t o  be much o f  a s i m p l i f i c a t i o n ,  b u t  the  f o l ­
lowing d i s c u s s io n  w i l l  show t h a t  th e  loop i n t e g r a l s ,  which a re  non­
s in g u la r  i f  th e  p a th s  do no t c ro ss  a p o l e ,  may be approxim ated by 
asym pto tic  expansions .  In a d d i t io n ,  th e  r e s id u e  terms a re  shown to  be 
an a lg e b r a ic  form in  t h e  frequency domain.
We s t a r t  by deve lop ing  th e  r e s id u e  term  i n  eq. (5 .1 4 a) .  Let us 
denote th e  i ^  po le  as z^, where from th e  frequency  eq u a tio n
D(z*) = 0. (5.11)
thFrom th e  r e s id u e  theorem [3  ] ,  one w r i te s  th e  i  r e s id u e  term  by 
m u lt ip ly in g  th e  in te g ra n d  o f  eq. (5 .10) by (z -z^ )  and ta k in g  a l im i t  
as z +  zi (  o r  2 h
(Residue). = ■ ( z - z . )1 z-+z.  1l
s in h [k  (h - z>) ( z  -1) ] ( 2
 2~7JZ  7 7 1 7  Ho (V )Z(z -1 )  2 D(z )
(5.15)
The e x p re s s io n  (5.15) i s  an in d e te rm in a te  form in  th e  l im i t  due to  the
2
(z -z^ )  f a c t o r  i n  th e  num erato r  and th e  D(z ) term  [which v a n ish e s  f o r  




s in h [ k Q(h0- z >) (z  - I ) ' 2] n ^ 2 j
(z2-D T ^ D(z“ )]
H0( 2 ) (Yr z)z
z=z.1
(5 .15a)
The re s id u e  terms a re  then  sim ply a lg e b r a i c  forms in  th e  frequency  domain. 
The d i s c u s s io n  in  Appendix B shows t h a t  th e  number o f  r e s id u e  terms i s  
l a rg e  f o r  th e  problem cons ide red  because o f  th e  h igh  f re q u e n c ie s  used.
The p h y s ic a l  n a tu r e  o f  th e  r e s id u e  term s can be determ ined r e a d i ly  
by r e c a l l i n g  t h a t  th e  p o les  l i e  in  th e  range 
a  < x^ < 1,
where z. = x. + iy .i  l  J l
and y^ i s  sm all  and n e g a t iv e .  The h y p e rb o l ic  fu n c t io n s  may be w r i t t e n  
as t r ig o n o m e t r ic  fu n c t io n s  i f  damping i s  d i s r e g a rd e d .  For example, the  
s in h  term  in  eq. (5 .15a)  may be w r i t t e n  approx im ate ly
s in h  [kQ (hQ- z >) ( x ? - l ) ^ ]  = i  s i n [ k Q (hQ- z >) ( l - x ? ) '2] _ (5.16)
2 2S im i la r  ex p re ss io n s  appear  f o r  the  N(z ) and D(z ) te rm s.
Equation (5.16) i n d ic a te s  t h a t  th e  re s id u e  terms r e p r e s e n t  s ta n d in g  waves 
i n  th e  v e r t i c a l  c o o rd in a te  z. The re s id u e  terms r a d i a t e  l a t e r a l l y  ( in  
th e  r - d i r e c t i o n )  due t o  th e  p resen ce  o f  th e  Hankel fu n c t io n  i n  eq. (5 .15a) , 
For l a r g e  Yr z  ^ ( f a r - f i e l d ) ,  the  Hankel fu n c t io n  may be w r i t t e n  in  asymp­
t o t i c  form [48]:
r O -lis A-IA ~ iy~Zi
(5 .17)
TTY Z .1 r  i  J
iff/4  -1^ r Zi  e e
f o r Iy/ J  »  1-
R e c a ll in g  t h a t  Yr  = kQr ,  one sees  t h a t  th e  re s id u e  term i s  a wave sp re a d -  
ing  w ith  a r  2 dependence l a t e r a l l y ,  co rrespond ing  t o  a tw o-dim ensional 
wave. The e x p o n e n tia l  term  may be w r i t t e n
82
- i y  z. - ik _ rx .  +k~ry.
e r  1 .  e 0 1 e 0 1 . (5 .17a)
The l a s t  e x p o n e n tia l  term  in tro d u c e s  a decay o r  a t t e n u a t io n  s in c e  y^ i s
n e g a t iv e .  The r a d i a t i v e  term  r e p r e s e n t s  waves p ro p ag a t in g  l a t e r a l l y  a t
speeds va ry ing  between Cq and c^ ( fo r  no damping in  th e  subbottom) due
to th e  lo c a t io n  o f  th e  p o le s .  One may see  t h i s  by d e f in in g  a phase v e l -  
tho c i ty  f o r  th e  i  mode as fo l lo w s :
c. = c „ /x .  
i  0 i  •
We may then  w r i te  th e  r a d i a t i v e  f a c t o r  in  eq. (5 .17a) as.tar
- ik „ r x .  c.0 1 le = e
which shows t h a t  th e  wave i s  p ro p a g a t in g  in  t h e  r - d i r e c t i o n  a t  a speed
c. .i
To summarize, th e  r e s id u e  terms r e p r e s e n t  a modal o r  waveguide type
_ i ,
o f  p ro p ag a t io n  l a t e r a l l y  w ith  a r  2 sp re a d in g  law. The damping in  th e  
subbottom in tro d u c e s  wave a t t e n u a t io n  l a t e r a l l y .  Each term  r e p r e s e n t s  
a wave p ro p ag a t in g  w ith  a d i s t i n c t  phase v e lo c i ty  c^ co rresponding  to  a 
p o le  z^.
C. I n te g r a t io n  Around th e  Branch C u ts .
We wish t o  develop express ions  f o r  th e  l in e  i n t e g r a l s  1^, 1^,
I j  and 1^ appear ing  in  eq. (5 .1 4 ) .  The p a th s  and a re  i n d i ­
c a te d  in  F igure  4. We i n i t i a t e  th e  d isc u s s io n  w ith  th e  i n t e g r a l  f o r  th e  
b ranch  p o in t  a t  z = 0.
1 . )  Line I n t e g r a l  f o r  Path one w r i te s  th e  i n t e g r a l  from
eq. (5 .14) as
s i " h l w > )fe2 : ^  N c 4 i „ c 3 ) ( v ) z d z >  (5 . 18)
,r (z -1) D(z2) ° • r
*0
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where t h e  pa th  i s  in d ic a te d  below.
The v a r i a b le  s r e p r e s e n t s  th e  d i s ta n c e  from th e  branch p o i n t .  The p a th  
i s  e s s e n t i a l l y  two s t r a i g h t  l in e s  a long  th e  segments AB and CD. The 
c i r c u l a r  loop around z = 0 g ives  no c o n t r ib u t io n ,  s in c e  th e  p o in t  z = 0 
i s  no t a po le .  The argument o f  th e  complex v a r i a b le  z in c r e a s e s  by 2ir 
when p a s s in g  from th e  segment CD to  AB. We w r i t e  f o r  th e  complex 
v a r i a b le  along CD the  fo llow ing  
z = - i s ,  
and a long  AB we w r i te
(5.19)i2irz = - l s e
2 2We no te  t h a t  z = -s  on bo th  s id e s  o f  th e  c u t ,  so th e  in te g ra n d  o f  
eq. (5 .18)  does not change when p a s s in g  a long  Tq from AB to  CD. I n t e ­
g r a t in g  along  s g ives  us sy m b o l ica l ly
( )ds + I ( )ds 
CD
= f     f  
J ab J c
■ I 1
( )ds = 0 . (5 .20)
The c o n t r ib u t io n s  from AB and CD th en  c a n c e l ,  r e s u l t i n g  i n  I q = 0.
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2 . )  Path The p a th  f o r  th e  branch p o in t  a t  z = 1 i s shown
below.
We again  have two l i n e  i n t e g r a l s  AB and CD. The c i r c u l a r  p o r t io n  g ives  
no c o n t r i b u t i o n ,  as z = 1 i s  n o t  a p o le .  One changes v a r i a b le s  a long  
th e  two segments o f  th e  p a th ,  w r i t i n g  f o r  th e  p o r t io n  CD: 
z = 1 - is
and along  AB: (5.21)
, . i2ir z = 1 - is e
2 J'Applying th e  change in  v a r i a b le s  g ives  f o r  th e  q u a n t i ty  (z - l ) 2 th e  
fo llow ing :
(z2—1)^ = f ( s )  = i s ^ ^ i ) * 2
on CD and
( z 2 - l ) ^  = - f ( s )  = - i s ^ ( s + 2 i ) ^ ,
i
where th e  p o s i t i v e  square  ro o t  i s  taken  on s" 
then  changes s ig n  from one s id e  o f  th e  cu t  t o  the  o th e r .  This r e s u l t s  
in  a p o s s ib le  d i s c o n t in u i ty  in  the  in te g ra n d .  One w r i te s  the  i n t e g r a l
(5.22)
The q u a n t i ty  (z -1)"
I j  from eq. (5 .14)  a f t e r  in t r o d u c in g  the  fu n c t io n  f ( s )  from eq. (5 .22)
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and changing v a r i a b le s
f  s in h [ - k „ ( h  -z ) f ( s ) J  N [ s , - f ( s ) ]  m  
^ ------------------D [ s , - f ( s ) ]  " o '
s inh ,K o(1, 0- s ) f ( s ) 1  N [ > t f W 1  2
fCsl D [ s , f  (s) ] 0 ' r  1SJ'- 1 -,Qb-
(5.23)
From eq. (5 .8 )  one sees  t h a t  N [ s , f ( s ) ]  and D [ s , f ( s ) ]  a re  even in  
2 J"F(s) = (z - l ) 2. The in te g ra n d s  in  eq. (5.23) a re  th en  i d e n t i c a l  by 
in s p e c t io n .  The two i n t e g r a l s  c a n c e l ,  g iv in g
I 1 = 0. (5 .23a)
The r e s u l t s  f o r  t h e  two branch p o in ts  z = 0 and z = 1 i n d i c a t e  t h a t  
th e s e  a re  n o t  t r u e  s i n g u l a r i t i e s .  We now tu r n  t o  th e  s i n g u l a r i t y  a t  
z = a .
3 . )  Path The pa th  o f  i n t e g r a t i o n  i s  sk e tc h e d  as fo l lo w s :
One changes v a r i a b le s  s im i l a r  t o  eq. (5 .2 1 ) .  On CD we w r i t e  
z = a - i s
and on AB . i2ir z = a - i s e
(5.24)
2 2 ^The q u a n t i ty  (z - a  ) 2 . i s  d isc o n t in u o u s  a c ro s s  th e  c u t ,  so we w r i t e  from 
eq. (5 .24) f o r  CD:
(z2- a 2)^  = g ( s )  = i s ^ ( 2 i a  + s)
and on AB (5.25)
(z2-oi2) '2 = -g ( s )  = - i s ' 2(2 ia  + s ) ' 5.
Applying eq s .  (5 .24)  and (5 .25 )  t o  th e  e x p re s s io n  f o r  I g iv e s ,  a f t e r
combining the  c o n t r ib u t io n s  along AB and CD:
,C2)
s i n h t k y ^ - Z j ^ )  (z2- l ) ^ ]
•0 (Yr z)
N [g(s)]  N [-g (s ) ]
D g ( s )  “ D t-g (s ) ) ( a - i s )  ( - i ) d s ,
where z = ( a - i s ) .
2 _ 2> 2^  2 2 The ex p re ss io n  (z^-cO ^2 appears  only in  th e  N(z ) and D(z ) f u n c t io n s .
Equation (5.26) shows t h a t  on ly  th e  d i s c o n t in u i ty  in  th e  in te g ra n d  due
to  the  change o f  s ig n  o f  g ( s )  a c ro s s  th e  cu t  c o n t r ib u te s  to  th e  i n t e g r a l .
The q u a n t i ty  in  b ra c k e ts  appear ing  in  eq. (5 .26) i s  odd in  g ( s ) ,  so i t
may be w r i t t e n  in  th e  fo llow ing  form:
N [g(s)]  _ N [-g (s ) ]
DtgCs)] " D [-g(s)J g ( s )  G (s ) , (5 .26a)
where G(s) i s  even in  g ( s ) .  The e x p re s s io n  (5 .26)  f o r  I i s  w e l l -
behaved, s in c e  the  p a th  does n o t  i n t e r s e c t  any p o le s .  This may be 
i n t e g r a t e d  n u m e r ic a l ly ,  bu t  f u r t h e r  d i r e c t  a n a ly s i s  cannot be a p p l ie d  
w ithout in t ro d u c in g  approx im ations .  We d i s c u s s  a h ig h -f req u en cy  f a r -  
f i e l d  approxim ation  f o r  I in  th e  fo llow ing  s e c t i o n .  F i r s t  we complete 
th e  branch cu t  i n t e g r a l  d i s c u s s io n  by computing 1^.
4 . )  Path r ^ :  We sk e tc h  th e  p a th  as fo l lo w s :
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The change o f  v a r i a b le s  i s  s im i l a r  in  form t o  eq. (5 .2 4 ) .
On CD: z = 3 - i s .
(5.27)
On AB: z = 3 -  i s e ^ ir.
2 2 ^
The d i s c o n t in u i ty  in  th e  in te g ra n d  now a r i s e  from th e  (z -3  ) 2 f a c t o r  
2 2i n  th e  N(z ) and D(z ) fu n c t io n s .  We w r i te  a long  CD:
( z 2 - $ 2 ) h  = h ( s )  = i s !s(2 i3+ s)32
and on AB (5.28)
(z2-32)^ = - h ( s )  = -is32(2i3+s)Js.
The i n t e g r a l  1^ i s  s im i l a r  in  form t o  eq. (5.28)
2s in h [ k 0 (h0 - z>)Cz - i n  
/ , 2 „,Js 0 lYr  J
N [h (s ) ] N[-h (s) ] 
D (h (s ) ]  " D[-h (s )Jo (z -1)
where z = ( 3 - i s ) .
The q u a n t i ty  in  b ra c k e ts  i s  w r i t t e n ,  s i m i l a r  to  eq. (5 .2 6 a ) ,  as
( 3 - i s ) ( - i ) d s ,  
(5.29)
N[h (s) ] N[-h ( s ) ]  
D [h (s ) )  " D [-h (s )J = h (s)H.(s) , (5 .29a)
where H(s) i s  even in  h ( s ) .
To summarize, two o f  the  branch c u t  i n t e g r a l s  I q and 1^ a re  zero . 
The o th e r  two i n t e g r a l s  a re  given in  eqs . (5 .26) and (5 .2 9 ) .  To analyze 
eqs .  (5 .26) and (5 .29) f u r t h e r ,  we in t ro d u c e  a h ig h -f re q u e n c y  f a r - f i e l d  
approx im ation . This a llow s us to  expand th e  branch l i n e  i n t e g r a l s  I 
and 1^ in  an asym pto tic  s e r i e s .
D. Approximate E v a lu a t io n  o f  the  Branch Cut I n te g r a l s  
In  th e  ex p re ss io n  f o r  I [eq. ( 5 .2 6 ) ] ,  we s e t
|Yr z | »  1. 
knhn << V0 0 r  (5.30)
k 0Z> <<: Yr  
and kQz< «  Yr -
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Equation (5 .30) im p lies  t h a t  
|Yr a |  »  1. 
h Q «  r ,
z> «  r .
and z< «  r ,
s in c e  = k ^ r .  These assum ptions de f ine  a r a d i a t i o n  zone in  th e  r -  
d i r e c t i o n .  The f i r s t  r e l a t i o n  (5 .30)  a llows us to  express  th e  Hankel 
fu n c t io n  as fo l lo w s :
H(2>(T z) (4 - e ^ c a - i s r 15 e ' i V  e  V - t5 - 3I)0 u r  Mrkgr' v J
where we have used th e  asym pto tic  ex p re ss io n  used e a r l i e r  in  eq. (5.17) 
£>r th e  Hankel f u n c t io n .  The l a s t  th r e e  e x p re s s io n s  i n  eq. (5.30)
ensu re  t h a t  th e  in te g ra n d  decays r a p id ly  f o r  in c re a s in g  s due t o  the
-Y s rex p o n e n tia l  term  e in  eq. (5 .3 1 ) .
We apply  eqs .  (5 .31) and (5 .26a)  to  eq . (5.26) to  y i e l d
00 i
2 V  iTT/4 " i k a r  f  s i n h [k0 (h o 'Z >) ( z 2- l ) ' S] j. j, j, -Y S
= C iF T 5 e e / ----------  S \ -------------  ( a - i s )  (2 ia+ s)  s G (s)e  r  d s ,
™0r J o  (z - l ) 2
where z = ( a - i s ) .  (5.32)
The in te g ra n d  may be expanded about s = 0 as fo l lo w s :
s in h [ k „ (h n-z  ) (z2- l )  ]'2 u  u  „
--------------- =----- j--------------  ( a - i s )  2(2ia+s) 2 G(s) = a n + a t s + a„s + . . .
f z - l X ' 212 J (5.33)
This expansion i s  un iform ly  convergent i n s i d e  a c i r c l e  o f  r a d iu s  p in
th e  z -p lan e  c e n te re d  a t  z = a . The rad iu s  p i s  given as t h e  d i s ta n c e
from z = a  t o  th e  n e a r e s t  s i n g u l a r i t y  o f  the  in te g ra n d  o f  eq. (5 .3 2 ) .
Igno ring  a rem ainder  te rm , one may w r i t e  I in  expanded form using
eq. (5.33) as
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I = C-c— f t  e 1" ^ 4 e " l k “ r  I  I , (S. 34)c> H r ^ r -  n‘ 0 cm-
“ h" e i .  a ds .an n J
o
The i n t e g r a l  1^ i s  e v a lu a te d  by changing v a r i a b l e s  as fo l lo w s :
t = y s,
> r  >
and r e c a l l i n g  th e  i n t e g r a l  e x p re s s io n  f o r  th e  Gamma fu n c t io n  [29]:
00
r(x) = Jo t ^ " 15 e-t dt. (5.35)
We w r i t e  fo r  I u s in g  (5 .35) and th e  change o f  v a r i a b l e s :
a/  (3/2+n) a T(3/2+n)
Xan = y (n+3/2) = (k()r )  (n+3/2) ’ n = ° ’ 2 ’ ' (5 -36)
Applying t h i s  r e s u l t  t o  th e  branch l in e  i n t e g r a l  I gives
~ 2 % i-rr/4 ' i k ar  r  an F (3/2+n)1 = C-r— ) e 77/4 e “  J — ------7 (5 .37)
a  " V  n=0 (k0r ) (n+3/2;> •
Equation  (5 .37) exp resses  th e  b ranch  cu t i n t e g r a l  I in  terms o f  a
descending  power s e r i e s  in  k ^ r ,  th e  f i r s t  term  be ing
(kor ) "2 .
The r e s u l t  i s  then  an asym pto tic  expansion in  th e  la rg e  param eter  
Yr [ 4 ] ,  [20]. The speed o f  p ro p ag a t io n  and th e  a t t e n u a t i o n  o f  th e  wave 
a re  g iven  by th e  e x p o n e n tia l  f a c t o r  in  eq. (5 .3 7 ) .  I f  one s e t s
k = kk + i k 1 ,a  a  a ’
where k ^  i s  r e a l  and n e g a t iv e ,  we have
•i . .R  ,1- ik  r  - i k  r  k r  a  a  ae = e e
90
n
R e c a ll in g  t h a t  k = a)/c , we see  t h a t  the  I c o n t r ib u t io n  t o  th e  G reen 's  5 a  a* a
fu n c t io n  i s  a damped wave p ro p ag a t in g  in  th e  r - d i r e c t i o n  w ith  speed c^.
We n o te  t h a t  th e  c o n t r ib u t io n  o f  I t o  th e  G reen 's  fu n c t io n  [eq. (5 .14a)]
i s  sm all  r e l a t i v e  to  th e  r e s id u e  terms f o r  k ^ r  l a r g e  due t o  th e  sp read in g  
_2
f a c t o r  (kpr) . (R ecall  t h a t  th e  re s id u e  terms sp read  as c y l i n d r i c a l
- hwaves w ith  an r  dependence.)
The e x p re s s io n  f o r  1^ given in  eq. (5 .29) i s  t r e a t e d  in  a s im i l a r  
manner. The Hankel f u n c t io n  i s  w r i t t e n  in  i t s  asym pto tic  form f o r  
z = ( 3 - i s )  as fo l lo w s :
H0( 2 ) (Yr z) = e i7 r/4 ( 3 - i s f % e ^  e Yr . (5.38)
We expand p a r t  o f  th e  in te g ra n d  in  th e  form
s in h [k _ (h n-z  ) ( z 2- l ) ' s ] ^  ^ 2
------------- =------,- ( 3 - i s )  2(2i$+s) 2H(s ) = b n + b 1s + b„s + . . .  ,
(z - 1 )^
(5.39)
us in g  eqs . (5 .29a)  and (5 .3 8 ) .  The i n t e g r a l  1^ i s  then  ex p ressed  approx­
im a te ly  as a descending  power s e r i e s  in  (kgr) s i m i l a r  t o  eq. (5 .3 7 ) :
_ i . .. - i k Dr  00 b T(n+3/2)
i e -  <4 - 1? 4 8 1 n ( n . 3/ 2 ) ■ ‘5 -4°>B K0 n»0 ( k „ r ) 1 '  J
This r e s u l t  i s  s i m i l a r  in  form to  the  expansion f o r  th e  I a  i n t e g r a l .
_2
The f i r s t  term  v a r i e s  as O ^ r )  . The a t t e n u a t io n  and speed  o f  the  
wave have th e  same form. We w r i t e  f o r  k^:
k -  k^ + ik*3 ” 3 3*
where k^ i s  r e a l  and n e g a t iv e .  One sees  t h a t  th e  e x p o n e n tia l  te rm  may
be w r i t t e n  ^ j
- i k „ r  - i k Rr  k ftr  
e 3 = e 3 e 3 , (5 .41)
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where th e  f i r s t  f a c t o r  on th e  r ig h t -h a n d  s id e  governs t h e  p ro p ag a t io n  
and the  second th e  a t t e n u a t io n  o f  th e  wave. Since one may w r i te
kR _ w_
3 " ce '
we see t h a t  th e  wave p ropaga tes  a t  th e  speed c , th e  shear-wave
p
v e lo c i ty  o f  th e  subbottom.
E. The Approximate G reen 's  Function
We w r i t e  th e  s im p l i f i e d  G reen 's  fu n c t io n  from eq. (5 .14a)  by 
r e c a l l i n g  t h a t  I q and 1^ a re  zero :
G(y_,z ,z , uj) =
k0H(u)
[ I a  + Ig -  2iri I (Residues) ] . (5.42)4tt
The r e s id u e  terms may be w r i t t e n  f o r  la rg e  |Yr z  ^I i-n t h e  fo llow ing  form 
us in g  eqs .  (5 .15a)  and (5.17)
cd - a i 1tt/4 ^ 0 r z i(R esidue)i  = (-)  e e ci» (5.42a)
where
c.l
s in h  kg(hQ-z>) (z  -1) (z -1) N(z )z
(z2- ! ) 32^ -  [D(z2)] z=z.1
The branch l in e  i n t e g r a l s  a re  w r i t t e n  from eqs .  (5.37) and (5 .40) as
I  s  fa*  e i ^ / 4
- i k  ra
a tt
aQT (3 /2 )  a j r ( 5 /2 )
+ . . .
( V O ' (k0r ) ‘
and
,  .  ^  . W  e " l k e r
b . r ( 3 /2 )  b r(5 /2)  
  — +    +
(5.37)
(5.40)
One may w r i te  th e  G reen 's  fu n c t io n  in  th e  fo llow ing  form by combining 
eqs .  (5.42a), (5 .37)  and (5.40) i n to  eq. (5 .4 2 ) :
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k 0H(w)
4tt C -r e
i ir /4 2iri Z  ["(k-rz.)""
i = i  L 0 1
- ik _ rz .  2 0 i
=J
+ e
- ik  ra a0r(3/2) air(s/2)
(k0r ) 3
+ e
i k gr b0r ( 3 / 2 )  bi r ( 5 /2 )
( k 0 T y Ck0r )
5/2
(5.43)
This r e s u l t  i s  th e  approxim ate G reen 's  fu n c t io n  f o r  the  h ig h -f re q u e n c y  
case in  th e  f a r  f i e l d ;  i . e . ,  f o r  h o r i z o n ta l  d i s t a n c e s  r  much l a r g e r  than  
the  o th e r  l e n g th  s c a le s  in  th e  f i e l d  [see eqs .  (5 .17) and ( 5 .3 0 ) ] .
The G reen 's  fu n c t io n  in  th e  t im e domain may be o b ta in e d  by F o u r ie r  
s y n th e s i s  u s in g  eq. (3 .3 8 ) .  The s y n th e s i s  i s  co m p lica ted ,  as each o f  
the  terms in  eq .  (5 .43) i s  frequency-dependen t.  We no te  t h a t  th e  i n ­
c lu s io n  o f  damping makes th e  c o e f f i c i e n t s  
Cj., i  = 1, 2 ,  . . . ,  N
aQ > , . . .
bQ, b 1 , . . .
f requency -dependen t ,  as a re  th e  wavenumbers ka  and k^ . In a d d i t io n ,  we
note  t h a t  the  p o le s  z^ appear ing  in  th e  r e s id u e  term  are  f requency-
dependent w hether damping i s  in c lu d e d  o r  n o t  [see Appendix B] .
P ek e r is  ana lyzed  th e  time-domain b eh av io r  o f  th e  r e s id u e  terms
fo r  th e  two l i q u i d  l a y e r  problem [40 ] .  His a n a ly s i s  i s  a s p e c i a l  case
o f  t h i s  one, b u t  th e  g e n e ra l  f e a tu r e s  o f  h i s  r e s u l t  apply  h e re  as w e l l .
He took a p u ls e  shape in  tim e o f  t h e  form 
- a t
h ( t )
e ~ t  > 0
0 t  < 0 ,
where a  i s  a p o s i t i v e  r e a l  c o n s ta n t .  P ek e r is  performed th e  F o u r ie r  
s y n th e s i s  f o r  t h i s  p u lse  shape u s in g  K e lv in 's  method o f  s t a t i o n a r y
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phase .  To th e  f i r s t  app rox im ation , th e  s t a t i o n a r y  phase t re a tm e n t  g ives
dependence in  t h e  tim e domain. He termed t h i s  type  o f  wave th e  Airy 
phase.
O ther types  o f  t im e dependence w i l l  g ive  s i m i l a r  r e s u l t s .  In 
p a r t i c u l a r ,  a Gaussian p u lse  modulated by a f requency  i s  r e p r e s e n t a ­
tive  o f  th e  tim e dependence used in  a c o u s t i c  sounding . We may w r i t e  
h ( t )  in  th e  fo llow ing  form:
where A i s  a pa ram ete r  r e l a t e d  to  th e  p u l s e  len g th .  The F o u r ie r  t r a n s -
One may apply t h i s  p u ls e  spectrum  to  eq. (5 .43) and apply th e  s t a t i o n a r y  
phase method to  o b ta in  th e  G reen 's  fu n c t io n  in  t h e  tim e domain in  a 
manner s i m i l a r  t o  P e k e r i s '  t r e a tm e n t .
F u r th e r  development o f  t h e  r e s id u e  terms i s  beyond th e  scope o f  
t h i s  i n v e s t i g a t i o n .  The G reen 's  fu n c t io n  appear ing  i n  eq. (5 .43) i s  
to o  complex to  be used f o r  t h e  in te n d e d  a p p l i c a t i o n .  In a d d i t i o n ,  th e  
assum ptions used to  o b ta in  t h i s  e x p re s s io n  p la c e  us in  a f a r  f i e l d ,  
im plying t h a t  th e  a c o u s t i c  r e c e iv e r  must be s e p a r a te d  h o r i z o n t a l l y  
many w a te r  depths  from th e  so u rc e .  This i s  in co n v e n ien t  f o r  e x p e r i ­
mental work ( e . g . ,  a c o u s t i c  sound ing) .
We te rm in a te  th e  f i n i t e  w a te r  depth case  developed h e re  by n o t in g  
t h a t  th e  response  c o n s i s t s  o f  a l a rg e  f i n i t e  number N o f  modes c o r r e s ­
ponding to  terms in  a  r e s id u e  s e r i e s .  These modes may i n t e r f e r e
an r  * dependence. P e k e r is  a l s o  took th e  nex t  h ig h e r  approxim ation  v a l i d  
n e a r  th e  s t a t i o n a r y  v a lu e  o f  group v e lo c i ty .  This r e s u l t e d  in  an r
- ( t / A ) 2 ia) t  
h ( t )  = e e u (5.44)
(5.44a)
94
c o n s t r u c t iv e ly  due t o  t h e  p resence  o f  l a r g e  p a ram ete rs  in  th e  F o u r ie r
s y n th e s i s .  In a d d i t io n ,  c o n t r ib u t io n s  t o  th e  response  a re  given by
th e  branch cu t  i n t e g r a l s .  These terms d ie  out r a p i d l y  due t o  t h e i r
r e p r e s e n ta t i o n  as a descending  power s e r i e s  in  r ,  th e  lea d in g  term
_2
b e in g  p r o p o r t io n a l  t o  r
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VI. GREEN'S FUNCTION FOR THE SEMI-INFINITE LIQUID 
OVERLYING A HOMOGENEOUS VISCOELASTIC HALFSPACE
A. M anipulation  o f  I n te g r a l  Form
We develop an e x p re s s io n  f o r  th e  G reen 's  fu n c t io n  f o r  a f i e l d  con­
s i s t i n g  o f  a l i q u i d  h a lf s p a c e  o v e r ly in g  a s e m i - i n f i n i t e  v i s c o e l a s t i c  s o l i d .  
The F o u r ie r -B e ss e l  transfo rm ed  form o f  th e  G reen 's  fu n c t io n  was given as a 
s p e c ia l  case  o f  t h e  r e s u l t  f o r  th e  n - la y e re d  s o l i d  h a l f s p a c e .  The number n 
o f  la y e r s  in  th e  s o l i d  was taken  as 1 and th e  l i q u i d  l a y e r  depth  h^ was taken 
to  i n f i n i t y .  We w r i te  th e  s im p l i f i e d  r e s u l t  from eq. (4 .44) a s :
,  H M  r ao (V z<> -ao (V z<) ...........
G C 5 . V V . )  ■ 4 i ^  L * e
where
.2  „  . 2
N.fr;2 ) = m  l ) 2 - a a j l  - a ,1 0 [ \ 2  . 4  a 3J a ’
0 8 
Dl<52) * » »0 [ f e  - l ) 2 -  i f -  aoas]  ♦ a^
k B kB
and m = P j /p g .  We have s e t  a ^  = a^ , e t c .  f o r  s im p l i c i t y .  The f i r s t  term  
in  eq. (4 .44)  i s  th e  d i r e c t  wave; t h a t  i s ,  th e  wave t r a v e l i n g  d i r e c t l y  from 
sou rce  to  r e c e iv e r .  This i s  e v id e n t ,  as t h i s  term  i s  i d e n t i c a l  to  th e  
G reen 's  fu n c t io n  f o r  th e  unbounded f l u i d  [eq. (4 .1 6 ) ] .  The second term  i s  
e v id e n t ly  th e  c o n t r ib u t io n  due to  th e  p resence  o f  th e  v i s c o e l a s t i c  h a l f ­
space .  The G reen 's  fu n c t io n  (4.44) may be w r i t t e n  i n  th e  form
G = G + G. (6 .1)—  _BO —  1 ,
where G , t h e  d i r e c t  wave, i s  given by eq. (4 .1 6 ) ,  and G ., th e  c o n t r ib u t io n  
—  00 — 1
due to  th e  s o l i d  h a l f s p a c e ,  i s  w r i t t e n  as
- V Z>+Z<J v r2,er  -  M M  - 1  ~ 4ira0
- - ao ( z>+z<) )
D ^C 2) J
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A f te r  n o t in g  t h a t
NX(C2) = D ^ 2) -  2aa
from eq. (4 .4 4 ) ,  we decompose i n to  two terms as fo l lo w s :
£1 = Gj + G1 , ( 6 . 2 )
where - a n (z +z )
G _ H(u) e
and
—I 4ir aQ
n r  -> - a n (z + z .)  , a 
G» = ~H^  e 0  -
27Ta0 D ^C 2) ‘
We n o te  t h a t  £ j  i s  in  th e  same form as eq. (4 .16) f o r  th e  G reen 's  
fu n c t io n  in  th e  unbounded f l u i d .
To perform  th e  in v e r s e  t ra n s fo rm ,  we r e c a l l  eq. (4 .3 8 ) :  
r
G ( r ,z > ,z < , 0)) = / G(C,z> ,z < ,to)J0 (Cr)?d?.
-'o
Perform ing th e  in v e r s e  t r a n s fo rm a t io n  o f  £ rog iv e s ,  from eq. (4 .1 8 ) :
r ° °  - i k o R
Gco = / Goo = ^ 4 ? ^  “  R * t4 - 18^
^  0
where R = [ (z> - z<) 2 + r 2 ]^.
One may w r i t e  th e  G reen 's  fu n c t io n  Gj in  a form s i m i l a r  to  eq. (4. 
From eqs .  (6 .2 )  and (4 .38) we w r i te
r  - ikoRi
G! = 1 ? }J 0 ^
2 2 hwhere Rj = [ (z> + z<) + r  ] . The term  Gj. can be i n t e r p r e t e d  as
an image source  term u s in g  an argument s im i l a r  to  Sommerfeld's [49].
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The G reen 's  fu n c t io n  can be w r i t t e n  as th e  sum o f  t h r e e  term s: 
th e  d i r e c t  wave, th e  image source  term and a r e s id u a l  term. From
eqs . ( 6 .1 ) ,  ( 6 .2 ) ,  (4 .18) and (6 .3 )  we w r i te
+ G1 ( r , z >,z < ,oj), (6 .4 )n r  i  H (Ol)G (r ,z > ,z < , 0)) = - A ^
_ • -ihpR -ikpRj  
e + e
R Rj
where th e  r e s i d u a l  term  G' i s
G' =
■y- J  (Cr)?dC.
D j ( 0  0
Having o b ta in e d  e x p re s s io n s  f o r  th e  d i r e c t  and image source  te rm s,  
we now d i r e c t  a t t e n t i o n  to  th e  i n t e g r a l  ex p re ss io n  f o r  the  r e s id u a l  
term  G' g iven  in  eq. (6 .4 ) .  This i n t e g r a l  i s  in  t h e  same form as th e  
G reen 's  fu n c t io n  f o r  th e  f i n i t e  l iq u i d  l a y e r  [eq. ( 5 .1 ) ] .  We may 
m an ipu la te  th e  i n t e g r a l  form f o r  G' s i m i l a r  t o  th e  development in  
Chapter V. Using eqs . ( 5 .2 ) ,  we w r i te  f o r  th e  r e s id u a l  term :
- ao f z>+z<3 a
G ' ( r , z  z ,u>) =-----------------  a------------------ 2 _ H ( 2 ) (er)CdC. (6 .5)
41T Jo  0 Dx( ^ )  U
This r e s u l t  i s  ex p ressed  in  nondimensional form us in g  eqs . (5 .6) and 
( 5 .7 ) .  In a d d i t io n ,  a nondim ensional r a t i o  o f  len g th  s c a le s  = kQ(z>+z<) 
i s  used:
G' (Y ,Y ,(u) =
“  r 2 u K  
-H(a>)k f  " l x  " 1 J ^ z  2_ 2 h
= --------   To----r—  U 2 " H0 (Yrx)xdx, (6.6)
4tt J  (x - 1)  D1 (x ) ° r
-00 1
whsrs a 9 ? ?
Dl ( x2) = m(x2 - l ) ^ f e  - I ) 2 - ~ 4 2(x ■ - 2-~[ + (x2 - a 2)^.
1 L 8 6 J
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B. Contour I n te g r a t io n
The i n t e g r a l  (6 .6 )  i s  improper due to  th e  p resen ce  o f  s in g u ­
l a r i t i e s  on th e  x - a x i s .  Ite choose t o  e v a lu a te  eq .  (6 .6 )  u s in g  con tour  
i n t e g r a t i o n  in  th e  complex (z = x+iy) p la n e ,  as was done in  th e  p reced in g  
c h a p te r .  We w r i te  a con tour  i n t e g r a l  from eq . (6 .6 )  as fo l lo w s :
r  " (z2 ' 1)3^
I '  “ P 1 " !  n  --z2"a-2 ] 2 I ^ 2 ) (y z)zdz  (6 .7 )
J  (z 2- l ) ' 2 Dj (z ) 0 r
The con tour o f  i n t e g r a t i o n  must be de te rm ined . The branch  p o in t  s in g u ­
l a r i t i e s  o f  the  in te g ra n d  in  eq . (6 .7 )  a re  i d e n t i c a l  to  th o se  in  th e  
p reced in g  c h a p te r .  The p o le s  o f  eq . (6 .7) a re  g iven  by
Dx (z2) = 0 (6 .8 )
S o lu t io n s  to  eq. (6 .8 )  were o b ta in e d  n u m er ica l ly  by S t r i c k  and G ins- 
ba rg  fo r  th e  e l a s t i c  s o l i d ;  i . e . ,  f o r  a  and 6 r e a l  and p o s i t i v e  [52].
They found one r e a l  ro o t  o f  eq. (6 .8 )  o c c u rr in g  a t  a wavenumber x^ 
l a r g e r  than  S , o r
a  < 1 < S < Xp. (6 .8a)
The ro o t  x^ o f  eq. (6 .8 )  r e p r e s e n t s  a S tone ley  wave c o n t r ib u t io n  [8 ] .
The p o in ts  z = *1 a re  not p o le s .  This  can be seen  from th e  G reen 's  
fu n c t io n  given in  eq. (4 .42)  b e fo re  decom position  in to  th e  sum o f  two 
te rm s .  S o lu t io n s  t o  th e  f requency  eq u a tio n  (6 .8 )  with damping a re  d i s ­
cussed  in  Appendix C. The r e s u l t  f o r  sm all damping i s  t h a t  th e  p o le  x^ 
i s  p u l le d  o f f  th e  r e a l  a x is  s l i g h t l y  i n to  th e  f o u r th  q u a d ra n t .  The 
complex p o le  z^ may be w r i t t e n :
z = x + iy  , (6 .8b)p p V
where y^ i s  r e a l  and n e g a t iv e .
The s i n g u l a r i t i e s  o f  eq. (6 .7 )  th e n  a re  s im i l a r  to  th o s e  in  the  
p rev ious  c h a p te r ,  excep t t h a t  on ly  one po le  occurs  f a r t h e r  out the  x- 
a x is  [see F igure  6 ] .  The same con tou r  may be used f o r  th e  p r e s e n t  
problem because o f  th e  p resen ce  o f  th e  Hankel f u n c t io n .  The in te g ra n d  
o f  eq. (6 .7 )  van ishes  along th e  a rc  o f  a s e m ic i r c le  o f  l a rg e  ra d iu s  R 
in  the  lower h a l f p l a n e ,  as can be seen  by in s p e c t io n  a f t e r  r e c a l l i n g  
t h a t  th e  branches f o r  th e  q u a n t i t i e s
2 2and (z -0 ) 2 a re  tak en  so t h a t  th e  r e a l  p a r t s  a re  p o s i t i v e  [from 
eq. (5 .1 2 ) ] .
The con tou r  o f  i n t e g r a t i o n  i s  shown in  F igure  6* The con tour i s  
i d e n t i c a l  t o  th e  one in  th e  p rev io u s  c h a p te r  excep t f o r  t h e  lo c a t io n  
o f  th e  p o le s .  The b ranch  p o in t  s i n g u l a r i t y  a t  z=0 due t o  t h e  Hankel 
fu n c t io n  i s  ignored  as i t  does n o t  c o n t r ib u te  to  th e  i n t e g r a l .
Having s e le c te d  a con tour  and knowing th e  lo c a t io n  o f  th e  s in g u ­
l a r i t i e s ,  we apply  th e  r e s id u e  theorem to  eq .  ( 6 .7 ) ,  g iv in g
c u ts  f o r  z = a ,  1 and 3. Each l i n e  i n t e g r a l  p a th  i s  d e s ig n a te d  by
r  1 „ r e s p e c t i v e ly .A> P >
We may so lv e  f o r  th e  G reen 's  fu n c t io n  G' from eq. ( 6 . 9 ) ,  g iv ing
V  = -  + l a  + *1 + h  = 2lTi R es idue’ <6 -
where
The e x p re s s io n s  I a , 1^, 1^ r e p r e s e n t  l i n e  i n t e g r a l s  around th e  branch
*a
z * x+iy  PLANE
POLE
FIGURE 6





G '  ( Y r » Y z » a ) )  -  - G T - + 1^ + Ig - 2ul (Residue)J . (6 .10)
The G reen’s fu n c t io n  i s  then  th e  sum o f  c o n t r ib u t io n s  from loops 
around th r e e  branch c u ts  and a re s id u e  term . One may w r i t e  th e  res id u e -  
term  as fo l lo w s :
(Residue) = H ^  (yr zp )c p , (6 . 11)
where
c = - 
P
t  2 2 <H(z -a  )
^  [D j(z2 ) ] (z2- ! ) ^ -  2 -z=z
L’H o s p i t a l ’s r u le  has been a p p l ie d  to  o b ta in  th e  ex p re ss io n  f o r  c , as 
in  Chapter V f o r  th e  r e s id u e s .  The re s id u e  term  i s  a wave p ropaga ting  
l a t e r a l l y  due to  th e  p resence  o f  th e  Hankel fu n c t io n .  We may o b ta in  
f u r t h e r  i n s i g h t  i n to  t h i s  term  by w r i t in g  th e  Hankel fu n c t io n  in  i t s
asym pto tic  form f o r  l a rg e  | Yr Zp I - 'Ve have
Z ) = (— 2— ) h  e i7r/4 e " 1YrZP.0 r  P TTY z r  r  p
(6 . 12)
One may app ly  eq. (6 .8b) t o  th e  ex p o n e n tia l  te rm , g iv in g  
- i y  z - i k nr x  k . r y
,  ' P . .  0 P a 0 P.  (6.12a)
The f i r s t  te rm  governs t h e  r a d i a t i v e  behav io r  o f  th e  r e s id u e  term  and 
th e  second i s  an a t t e n u a t i o n .  One may d e f in e  a phase v e lo c i ty  cp f o r  
th e  re s id u e  term  as fo l lo w s :
toc =
P k_xO p .
(6 .12b)
We w r i te  th e  r a d i a t i v e  term  as:
.. tor- l k - r x  ------O p  c„e r  = e p . (6.12c)
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R e c a ll in g  t h a t  th e  tim e dependence f o r  th e  wave given by th e  k e rn e l  o f
eq. (3 .9b) i s  
itot
e
one may combine t h i s  w ith  eq. (6 .12c) to  o b ta in
• r*. r  . w ,i w ( t -  — ) - i  —  ( r - c  t )
e p = e CP p . ( 6 . 12d)
This r e s u l t  r e p re s e n ts  a wave p ro p ag a t in g  in  th e  r - d i r e c t i o n  with th e
speed 0^ ,  v in d ic a t in g  c a l l i n g  c^ the  phase v e lo c i ty .  Since th e  damping
i s  u s u a l ly  s m a l l ,  we may f u r t h e r  d isc u ss  th e  b e h a v io r  o f  t h e  r e s id u e
term by ta k in g
z = x .
P P
In  t h i s  c a se ,  the  e x p o n e n tia l  term  in  th e  c^ e x p re s s io n  (6.11) reduces
9 9
e _cV 1)aY* _ e " cV 1)2ko (z>+z< ) .
This r e p re s e n ts  an a t t e n u a t io n  i n  th e  v e r t i c a l  d i r e c t i o n ,  as x > 1 .
In a d d i t io n ,  the  Hankel fu n c t io n  (6.12) in t ro d u c e s  a (Yr Xp) 2 = C ^ r x  ) * 
dependence to  th e  r e s id u e  term .
C. Branch Line I n t e g r a l s
We wish to  e v a lu a te  1^, 1^ and 1^ given in  eq. ( 6 .9 ) .  The 
procedure  i s  the  same as in  Chapter V, a lthough  now t h e  in te g ra n d  i s  
l e s s  com plica ted  a l g e b r a i c a l l y .  We e v a lu a te  f i r s t  around th e  pa th
changing v a r i a b le s  u s in g  eq. (5 .2 1 ) .  We w r i te  th e  q u a n t i ty
2 ^(z - l ) 2 = f ( s )  on t h e  r ig h t -h a n d  s id e  o f  th e  cu t  and change i t s  
s ig n  on th e  l e f t - h a n d  s id e  as in  eq. (5 .2 2 ) .  We combine th e  two 
segments o f  th e  p a th  i n to  one i n t e g r a l  in  s as fo llo w s:
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I l =1
r (s )Y, f  (s )y . a [y ( 1 - i s ) ] a  0 1 : r
f ( s )D j t f f s ) ]  Dj [ - f  (s)  ] 
where we w r i t e  from eq. (6 .6 )  in  th e  form 
D ^ f f s ) ]  = mf ( s ) P ( s )  + aa (s)
( 1 - i s ) ( - i ) d s ,  (6.13)
and
P (s )  =
2 _ . 2 .  2 2J i f  2 D2 J ' Z- '2 4z (z - a  ) (z -g )
( ^ f  - 1 )“ -
.3 3 z = l - i s '
One may m anipula te  eq. (6 .13) i n t o  th e  more conven ien t form
F9(s )f  V,^ J





F2 (s ) =
2mP s i n h ( f y z)a
_r 2 2 _2n2 . f [ a a -m f  P ]
2a2 c o s h ( fy z )
r 2 2 . 2 d 2 1 • [aQ-m f  P ]
We no te  t h a t  both F^(s)  and F£(s) a re  even in  f ( s ) .  The i n t e g r a l  (6 .14)
i s  e x a c t .  In  the  n ex t  s e c t i o n ,  th e  i n t e g r a l  w i l l  be  developed in  an
asym pto tic  s e r i e s  by app ly ing  some assumptions and approx im ations .
Next, we tu rn  ou r  a t t e n t i o n  t o  th e  i n t e g r a l  I Q. We change v a r i a b le s
us in g  eq. (5 .2 4 ) .  R eca ll  from eq. (5 .25)
2 2 ^g (s )  = (z - a  ) 2 on th e  r ig h t -h a n d  s id e  o f  th e  c u t .  The ex p re ss io n  





E— h q (Yrz)(«-is)g(s)G1(s) (-i)ds, (6.15)
where
G1 (s)  =
D1 [ g ( s ) ]  + D ^ - g f s ) ]
and
D1[g(s)]D1[-g(s)] 
z = ( a - i s ) .
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One n o te s  t h a t  G^(s) i s  even i n  g ( s ) .  The ex p re ss io n  (6 .15) i s  a ls o
e x a c t .  Approximate r e s u l t s  w i l l  be developed l a t e r .
F i n a l l y ,  we e v a lu a te  I . The change in  v a r i a b le s  i s  given by
8
eq. (5 .2 7 ) .  We w r i te  from eq. (5 .28)
(z2- 8 2) % = h (s)  = i s ?s(2 i3+ s)35
on th e  r ig h t -h a n d  s id e  o f  th e  c u t .  The exac t  ex p re ss io n  f o r  I D i s
p
w r i t t e n
r  - {  z 2- l ) \
*(3 = ~— 2---? i ~  Cz2- a 2)%(8 -is )H 0( 2 ) [yr ( 3 - i s ) ] h ( s ) H 1 ( s ) ( - i ) d s ,
J o  (z - 1 ) 2
(6.16)
where
D [ - h ( s ) ]  - D [h ( s ) ]
h ( s )  H..(s) = ---------------------------------- and z = ( $ - i s ) .
D1 [h (s ) ]D 1[ - h ( s ) ]
We see t h a t  H^(s) i s  even in  h ( s ) .  Equation (6.16) w i l l  be e v a lu a te d
approx im ate ly  in  th e  same manner as the  r e s u l t s  fo r  1^ and I .
The G reen 's  fu n c t io n  (6.10) has been expressed  ( in  th e  frequency
domain) as th e  sum o f  t h r e e  d e f i n i t e  i n t e g r a l s ;  eqs . (6 .1 4 ) ,  (6 .15) and
(6 .1 6 ) ,  and an a lg e b r a i c  r e s id u e  term , eq. (6 .1 1 ) .  The p h y s ic a l  b eh av io r
cf th e  r e s id u e  term  has been d isc u sse d .  To ga in  i n s i g h t  i n to  th e  d e f i n i t e
i n t e g r a l s  a s s o c ia te d  w ith  th e  b ranch  c u ts  we must e v a lu a te  th e  i n t e g r a l s
approx im ate ly  by in t ro d u c in g  a p p ro p r ia te  p h y s ic a l  assum ptions.
The most obvious assumption i s  to  use th e  asym pto tic  e x p re s s io n  fo r
th e  Hankel fu n c t io n  appear ing  i n  a l l  t h r e e  i n t e g r a l s .  This r e q u i r e s
t h a t  th e  magnitude o f  th e  param eters  y ^ ,  ay^ and gy be l a r g e .  Taking
th e s e  as l a rg e  i s  e e s e n t i a l l y  a h ig h -f re q u e n c y  assum ption , as we may
w r i t e  f o r  y :' r
y = k _ r  = —  r .  
r  0 c0
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R e c a l l in g  eq. ( 5 .7 a ) ,  we see  t h a t  y^ i s  a r a t i o  o f  r  t o  th e  wavelength 
o f  a sound wave in  th e  l iq u i d .  We n o te  t h a t  both a  and 3 a r e  o f  th e  
o rd e r  u n i ty ,  so one may say t h a t  th e  h igh -f req u en cy  assum ption im p lie s  
Yr  »  1,
|oyr | »  1 (6 .17)
and |3Yr l »  1 .
We beg in  by app ly ing  th e  h ig h -f re q u e n c y  assum ption t o  eq . (6 .14) 
for I j .  We w r i t e  th e  asym pto tic  form f o r  th e  Hankel fu n c t io n  as fo llow s:
HQ0 0  [Yr ( 1 - i s ) ]  * ( | ) ^  y ^ ( l - i s ) " ' 5 e17r/4 e r e r  (6 .18)
The e x p re s s io n  f o r  1^ becomes, f o r  yr  >> 1:
iTT/4 " iYr  f  ‘ V  T F2 C s ) “|i 1 e  J e ( 1 - i s )  2( - i ) | f ( s ) F 1 (s)  + ~f (s ) J ds2 L  - k  i n r / A  - iY,  r  - Y „ s  ^  r  Fo(s)I 1 » ©  2 y 2 e1 i r  1 r
o
(6 .19)
k  kR e c a l l in g  t h a t  f ( s )  = i s 2( 2 i - s ) 2 enab les  us to  w r i te  eq. (6 .19) in  th e  
form :
I S e iTr/4 " 1Yr  x
1 '"ir ' r
co oo - y  s  .
f  -Y s ^ \ j, r  r  T
/ e r  s 2( 2 i - s )  2( l - i s ) 2 F1 (s)ds  - /  j F „ (s)d s  (6 .19a)
Jo  1 Jo  *■
~YJ>
I ~ I - rJ  k  k  k  I t
X v___v _ __________ ^_____________ __
'0 s '2( 2 i - s ) '
-y  s rOne n o te s  f o r  yr  »  1, bo th  in te g ra n d s  decay r a p id ly  due to  th e  e
term p rov ided  F^(s)  and a re  Pro Pe r ly  behaved. We r e c a l l  from
eq. (6 .14)  th e  ex p re ss io n s  f o r  F^ and F
2mP s i n h [ f ( s ) y  ] a  (s)
F f s l  = ______________________ - _____2 ___' V  J . 2 2 .2 n2 1f ( s )  [aa -m f  P ]
and (6.14)
2a cosh f ( s ) y  
F0 (s)  = “  Z2 K 1 . 2 2_2d2. 
t v m ]
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The s in h  and cosh terms reduce  t o  e x p o n e n t ia ls  o f  th e  form
1 VJ  e f o r  l a rg e  s .  We must s e t
(6 . 20)
f o r  convergence o f  th e  i n t e g r a l s  in  eq. (6 .1 9 a ) .  This second assum ption 
may a l s o  be w r i t t e n  as 
(z> + z<) < r ,
which, from F igure  5 , im p l ie s  t h a t  t h e  h o r iz o n ta l  range must be l a r g e r  
th an  th e  v e r t i c a l  range a long  th e  r e f l e c t e d  p a th ,  o r  t h e  ang le  o f  
in c id e n ce  must be le s s  th a n  45°. The convergence o f  t h e  i n t e g r a l s  in  
eq. (6 .19a) w i l l  improve as th e  r a t i o
o r  low in c id e n ce  c o n d i t io n .  We may expand th e  in te g ra n d s  about s = 0 
i f  eq. (6 .15)  h o ld s .  We w r i te  th e  a p p ro p r ia t e  expansions as fo l lo w s :
The expansions have a f i n i t e  r a d iu s  o f  convergence i n  th e  complex p lane  
ex ten d in g  from th e  s i n g u l a r i t y  z=l t o  th e  n e a r e s t  o th e r  s in g u la r  p o in t .  
The i n t e g r a t i o n  from s=0 t o  s=°° ta k e s  us o u ts id e  t h i s  r a d iu s  o f  conver­
gence, so  te rm -by-te rm  i n t e g r a t i o n  o f  eq. (6 .19a)  u s in g  th e  expansions 
(6 .21) w i l l  give a d iv e rg e n t  s e r i e s .  One tak e s  th e  f i r s t  few terms 
(a t  most) o f  th e  expansion , which w i l l  t u r n  out t o  be an asym pto tic  
s e r i e s  in  descending  powers o f  th e  la rg e  pa ram ete r  y  . The f i r s t  few 
terms u s u a l ly  g ive  an a c c u ra te  approxim ation  to  th e  i n t e g r a l .  An upper
r  j*
t r- = —  in c r e a s e s .  That i s ,  as we approach a nea r-bo ttom(z>+z<) y z ^
( 2 i - s ) '2( l - i s ) " 2F1 (s) = bQ + b^s + b2s 2 + . . .
and (6 . 21)
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bound t o  th e  rem ainder term  due t o  th e  f i n i t e  r a d iu s  o f  convergence i s  
o b ta in e d  by Van Der IVaerden [56].
We fo rm ally  in tro d u c e  th e  expansions (6.21) i n to  th e  i n t e g r a l  
ex p re ss io n s  g iv in g :
T ... ,2.% -h nr/4  
11 = (—) Y e '1 i r  ' r
00
- i y / r  
e x
CO /- _  V  ^  CO s
l 0\ J  r  ds - \ zn JTl—0 -'n n=0 -'n
^ e " V ds (6 . 22 )
The d e f i n i t e  i n t e g r a l s  may be ex p ressed  as gamma fu n c t io n s  from eq. (5. 
We w r i te
■iy^.  2 h  i ir /4
1 vi r
?  U T (n+ 5 /2 ) _ r r (n+1/2) 
h  n . (n+2) n (n+1)n=0 y. n=0 y
(6.23)
Now we e v a lu a te  e x p l i c i t l y  the  f i r s t  term  in  each s e r i e s ,  o b ta in in g  a 
ze ro th  approxim ation  t o  1^:
I  -  r l J s  e iir/4  e " i Y r  T  r  (3 /2) _ 1 ( 1 / 2 ) " ]
10 " V  e L O Y 2 0 yr  J  .
r r
We no te  th e  va lues  f o r  th e  gamma fu n c t io n s  o f  h a l f - o r d e r  [29]:
(6.24)
and
r ( i / 2 ) = tt ;
r ( 3 / 2 )  = J
Equation (6.24) reduces to  
I = 2^ e iir /4  e ’ 1Yrh o




From eq. (6.16), one writes
and
b Q = 2h  i ' 2 FjfO)
c n = 2 2 i  2 F_ (0 ).
(6 .25)
From eq. (6 .1 4 ) ,  we e v a lu a te  F^(0) and F^ (0) as fo llow s:
F j(0 )  =
2mP(0)y
a (0)o r  J
F2 (0) = 2 .





a (0) *7 ' o r  J ' r
( 6 . 2 5 a )
IVe n o te  t h a t  f o r  Yz/Yr  s m a l l ,  t h i s  reduces (to th e  f i r s t  order) t o  th e
form
I 3 10
" ^ r  - i k 0r
-2e r  -2e
Y, k0r
(6.26)
The Cp term  i s  seen to  be th e  predom inant one. We d e s ig n a te  th e  con­
t r i b u t i o n  to  th e  G reen 's  fu n c t io n  due to  th e  1^^ term  as GJq , and 
apply  eq. (6.26) to  eq. (6 .10 ):
H(io)k
Gi o  =
I . H(u) 2e ' l k 0r  4irr ' (6 .27)4 it 10
Equation (6 .2 7 ) ,  when combined w ith  th e  ex p re ss io n s  f o r  and Gj in  
eqs .  (4 .18) and (6 .3 )  f o r  Yz/Yr  sm all g ive  an i n t e r e s t i n g  r e s u l t .  On
expanding G and GT f o r  y  /y  «  1, we have .-oo z r
H(w) e " i k 0r
00 - 4it




Combining eqs . (6 .28) w ith  (6.27) gives
Gio + Gco+ GI = 0 (6.29)
f o r  y / y «  1, o r  (z +z ) / r  << 1. This r e s u l t  shows t h a t  th e  sou rce  'z  ' r  > <
and image term  p lus  th e  c o n t r ib u t io n  from 1^ cance l  to  th e  f i r s t  o rd e r  
in  Yz/Yr * Ewing, e t  a l .  [ 9  ] d isc u ss  t h i s  phenomenon f o r  two l iq u i d  
l a y e r s .  They i n t e r p r e t  th e  e f f e c t  as th e  c a n c e l l in g  o f  th e  d i r e c t  wave 
by th e  r e f l e c t e d  wave a t  g raz ing  in c id e n c e ;  i . e . ,  th e  r e f l e c t i o n  c o e f ­
f i c i e n t  i s  -1 .  This i s  analogous to  th e  l im i t i n g  case o f  th e  Lloyd 
m ir ro r  e f f e c t  in  o p t i c s .  One should  no te  t h a t  th e  c a n c e l l a t io n  occurs 
only  to  the  f i r s t  o rd e r .  P h y s ic a l ly ,  the  h ig h e r  o rd e r  terms a r i s e  as 
th e  r e f l e c t i o n  c o e f f i c i e n t  d e v ia te s  from i t s  va lue  o f  -1 a t  g raz ing  
in c id e n c e .
To develop I in  an asym pto tic  s e r i e s ,  we apply  th e  h igh -f req u en cy  
approxim ation  (6.17) to  th e  exac t  e x p ress io n  f o r  I [eq. ( 6 .1 5 ) ] .  Using 
th e  asym pto tic  form f o r  th e  Hankel fu n c t io n  a llow s us t o  w r i te  f o r  I :
I „ (— I*5 e1,r/4 e'1 V Y  e ' V s V n * V  . b,s2 . ...)ds, 
a tty J  0 1 2' r  "o
(6.30)
where - i ^ 2- ! ) ^
b_ + b , s  + b „ s 2 + . . .  = ( a - i s ) '1( 2 ia - s ) ^  - ----- -^---- j------ (s)
0 1 2 (z -1)"*
and z = ( a - i s ) .  The expansion about s=0 i s  v a l i d  only  f o r  th e  n e a r ­
bottom  case (as f o r  th e  expansion o f  1^) o r
Y < Y • (6.20)i z >r
We fo rm a lly  i n t e g r a t e  eq. (6 .30) te rm -by-te rm  to  exp ress  I as a s e r i e s  
w ith  gamma fu n c t io n s
I = ( i ) 1* e 1* ' 4 e ' 1 V  E b I S S l i m .  .
“ * n=0 " yr (n*2) (6 ' 31)
-2  -2The lead ing  term  v a r i e s  a s y ^  , o r  O ^ r )  s i m i l a r  t o  th e  r e s u l t  in  the  
p reced ing  c h a p te r  [eq. ( 5 .3 7 ) ] .  We r e c a l l  t h a t  th e  term  y r a  in  th e  expo­
n e n t i a l  f a c t o r  may be w r i t t e n
Y^a = ka r ,  so t h a t  Ia  term r e p r e s e n t s  a wave a s s o c i a te d  w ith  th e  
lo n g i tu d in a l  wave in  th e  subbottom . The lead ing  term  in  eq . (6 .31) may 
be c a lc u la te d  e x p l i c i t l y  as fo l lo w s :
, - iy  a  bn . . .
I = 2 2 e r  -5- e 1aO e 2 e (6 .32)
Yr
The term b^ in  th e  expansion i s  o b ta in e d  from eq. (6 .30)  and (6.15)
- ( a  2- l ) ' 2Y
b = a 2 h  i h  e (6 - 33)
o a2 5— 5— r V 0’ -
where ‘
G .(0) = _2i
1 2 J 2(.2a2 .2m (l-a  ) z( ^ -  - 1)
3
Combining eq s .  (6 .32) and (6 .33) g iv es  f o r  I
,  - 2 i»  - i y r a  (6 34)
aO -  - j o  2 _
( l - a 2 )y 2 m(2 2 _  - l ) 2
The correspond ing  c o n t r ib u t io n  to  th e  G reen 's  f u n c t io n  i s  o b ta in e d  from 
eq . (6 .1 0 ) :
G, = kQll(ai) j  (6-35)
aO 4tt aO.
We w r i te  th e  G reen 's  fu n c t io n  c o n t r ib u t io n  as fo l lo w s :
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This branch l i n e  i n t e g r a l  r e p re s e n ts  a wave t r a v e r s i n g  th e  p a th  shown
_2
i n  F igure  7. The wave spreads w ith  an r  f a c t o r .  The e x p o n en tia l  
f a c t o r  in t ro d u c e s  a t t e n u a t io n  f o r  complex k^. To f u r t h e r  d isc u ss  th e  
n a tu re  o f  t h i s  wave, we c o n s id e r  th e  no damping case (k^ and k^ r e a l ) .  
R e c a l l in g  t h a t  kg = o o / C g ,  we w r i t e  eq. (6 .36) i n  the  fo llo w in g  form:
x 2ac0 - i k g [ ( c o s 0 c ) ( z >+z<) + ( s in 0 c ) r ]
Gi o -  —  (IST — T — e . » ■ » * >
r  m(—  -  1)
where ^
s in 0  = a  = cn/ c  . c 0' a
The ang le  0c denotes th e  s o - c a l l e d  c r i t i c a l  ang le  o f  in c id e n c e .  The
path  o f  th e  wave as shown in  F igure  7 i s  more apparen t  upon w r i t in g  
th e  e x p o n e n tia l  in  t h i s  form. The wave i s  r e f e r r e d  t o  as th e  " r e f r a c ­
t i o n  a r r i v a l "  s in c e  th e  wave t r a v e r s e s  l a t e r a l l y  a t  t h e  speed cq a long 
th e  s u r f a c e  o f  the  s o l i d  bottom. This wave i s  th e  f i r s t  to  a r r i v e  a t
th e  r e c e iv e r ,  s in c e  c^ > Cgj i . e . ,  f o r  a " f a s t  bo ttom ". Ewing, e t  a l .
(9 ] d isc u s s e d  a s i m i l a r  wave o c c u rr in g  f o r  th e  two l i q u i d  case .  The 
(loo)  f a c t o r  i n  eq. (6 .31a) im p lie s  t h a t  th e  r e f r a c t i o n  a r r i v a l  i s  
d i s p e r s iv e  in  th e  sense  t h a t  th e  p u lse  shape h ( t )  i s  d i s t o r t e d  a t  th e  
r e c e iv e r .  The form o f  th e  frequency  dependence[(ioo)- *] r e p r e s e n t s  an 
i n t e g r a t i o n  i n  th e  time domain, so t h i s  wave e x h ib i t s  th e  " t a i l "  seen  
i n  tw o-dim ensional wave p ro p ag a t io n .  We c lo s e  th e  d i s c u s s io n  o f  th e  
r e f r a c t i o n  a r r i v a l  by w r i t in g  eq. (6 .36a) in  i t s  d im ensional form
-H(oo) 2 ik a  i
g; 0 = - t f i  t *  -------------- —2-------- e - t6 - 36b)r  m „ „ 2k _





P a th  o f  t h e  R e f ra c te d  Wave
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This r e s u l t  ag rees  w ith  Honda and Nakamura's [1 5 ] r e s u l t  [ t h e i r  eq. (17)] 
f o r  a l iq u i d  over  an e l a s t i c  h a l f s p a c e .  Our r e s u l t  d i f f e r s  in  t h a t  a 
g en e ra l  time dependence fo r  t h e  in p u t  p u lse  i s  in c lu d ed  in  th e  H(uj) 
f a c t o r ,  and damping i s  i m p l i c i t l y  in c lu d e d  by ta k in g  k^ and k^ as complex.
The i n t e g r a l  1^ i s  developed in  a s i m i l a r  manner. We w r i te  1^ from 
eq. (6 .1 6 ) :
00
*3 = 6 T e lir /'4 f  e r  ^d0 + d l S + d2s2  + • • • ^ d s > (6 .37)
0
Where - ( z 2- l ) \
? p z 2 2 J- U U
dn + d . s  + d s------+ . . .  = ---- ~ p -  (z - a  ) 2 (3 - i s )  (2B i-s )  2H, (s)
0 1 2 (z — 1) 1
and z = ( B - is ) .  The expansion o f  th e  in te g ra n d  has a f i n i t e  ra d iu s  o f  
convergence, so th e  r e s u l t  o f  th e  formal te rm -by -te rm  i n t e g r a t i o n  o f  
eq. (6 .37)  w i l l  be a n o th e r  a sym pto tic  expansion in  descending  powers 
o f  y . The i n t e g r a t i o n  gives us th e  fo llo w in g  s e r i e s :
! .  ^  e 1* ' 4 I  dn U S l i m .  (6 . 38,
13 ’  n=0 v r (n .2 ,
This r e s u l t  i s  i d e n t i c a l  in  form t o  eq ,  (6 .3 1 ) .  The e x p o n en tia l  term
govern ing  th e  p ro p ag a t io n  o f  t h i s  wave may be w r i t t e n  
- i y r B - i r k 3
e = e , so one sees  t h a t  t h i s  wave i s  a s s o c ia te d
w ith  th e  shear-wave in  th e  subbottom. We compute th e  lea d in g  term  in  
eq. (6 .38)  as fo llo w s:
' w  ' 2 ~ h  elw/4 do- (6 - 39)
^ r
where
d„ = - -----  j _ Z (B2- ^ ) 5* 2h  $ i h  H (0)
0 ( 3 - D 2
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H rm - -8m(8 -1) 2(8 -a )2 H-i ( .U J  -  ~  i .  ?  ?  i -  ?  ‘
8 [m(8 -1)2+ (8 -a )2]
S im p lify ing  th e  above gives
 -81 (B2- A  e - V B - 11 ‘e - IYr B (6.40)
Yr 2B[m(82- l ) ' 5t (B 2- a 2 ),5] Z 
Tlie G reen 's  fu n c t io n  c o n t r ib u t io n  i s  w r i t t e n  from eq. (6.10) as fo l lo w s :
2 -y z c e M ) ‘ - i Yre
l  - a  )e___________ e
1 2 r fO^ 1*\^  /*n2k^ r [m(8 -1) + (8 -a ) ]
= H M  8m (3_ 2g— I------1_
80 4tt 2 *■
The no damping case f o r  G^q i s  w r i t t e n  ( r e c a l l i n g  t h a t  = oo/Cg):
2 2 -Yz C32-1 )% - i k gr
HTm-I 8cRmCg _a ) e e
= T i —  o 5 i o o' t—o~ -  . (6 .41a)80 4tt .. 2 r , d2 ro2 2 .^ ,2(ito)r [m(8 - l ) ' !+(3 - a  ) ]
2 ^The s h e a r  v e lo c i ty  c^ i s  l e s s  than  Cq , so th e  q u a n t i ty  (8 -1) i s
p o s i t i v e  and r e a l .  This i n d ic a te s  t h a t  e x p o n en tia l  a t t e n u a t io n  occurs
in  th e  v e r t i c a l  (z) d i r e c t i o n  due to  th e  f i r s t  e x p o n e n tia l  term . The
_2
rave p ropaga tes  r a d i a l l y  with th e  shear-wave speed c^ with an r  depen- 
dbnce. The (ico) * f a c t o r  im p lie s  t h a t  t h i s  c o n t r ib u t io n  t o  th e  response  
i n te g ra te s  th e  p u lse  shape in  th e  tim e domain. We n o te  t h a t  th e  subbottom 
is "slow" w ith  r e s p e c t  t o  th e  shear-wave v e lo c i ty  (c^ < c ^ ) .  This r u le s  
cut a r e f r a c t i o n  a r r i v a l  pa th  s i m i l a r  t o  Figure  7. In s te a d ,  one has a 
wave bound to  the  l i q u i d - s o l i d  i n t e r f a c e  r a d i a t i n g  l a t e r a l l y  s i m i l a r  to  
th e  S toneley  wave.
We w r i te  eq. (6 .41) in  d im ensional form as fo l lo w s :
2 2 ~ ^z>+z<  ^^8~k(P
G- -  - H M  8 -1  6 r
s o '  4,r A BM k 2->c2) \ ( k2- k2 ) V  • •
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This r e s u l t  agrees  w ith  Honda and Nakamura's eq u a tio n  (21) [1 5 ] ,  except 
f o r  th e  more g e n e ra l  tim e dependence. Again, t h e  e f f e c t  o f  damping i s  
i m p l i c i t  i n  our r e s u l t  due t o  th e  complex n a tu re  o f  and k^.
D. Summary fo r  Low Incidence  Case
We summarize th e  r e s u l t s  fo r  t h e  h ig h -f re q u e n c y ,  low in c id e n ce  
(near-bottom ) case by w r i t i n g  th e  f i r s t - o r d e r  response  G' from eqs .  (6 .1 0 ) ,  
(6 . 11 ) and (6 .26 ):
G '( y_ , y7 ,0)) *
k0H(u))
2 iri
' r '  1 z 
, (2 )
4ir




- i k Qr
(6.42)
10 V
The f i r s t  term  i s  t h e  S tone ley  wave, and t h e  t h r e e  terms I^ Q, I ^ and
I a re  lead in g  terms in  asym pto tic  expansions f o r  b ranch  cut i n t e g r a l s .
: 3°
The n e t  response  G i s  w r i t t e n  f o r  th e  low -inc idence  case by app ly ing
eq. (6 .42) to  eqs .  (6 .1 )  and (6 .2 )
G = G + G t + G ' =  
0 0  I
kgH(lo)
= - 7 ------- [2iri (Y z )c + I „ + I on + . . .  ] ,4tt 1 0 w r  p '  p aO 30 J * (6 .43)
where th e  G and GT terms cance l  w ith  t h e  I i term  (to  t h e  f i r s t  o rd e r)  00 1 1
from eq. (6 .2 9 ) .
The n e t  r e s p o n s e ,  th e n ,  i s  composed o f  t h r e e  types  o f  wave: a
s u r f a c e  wave (S tone ley  wave) given by eq. (6 .1 1 ) ,  a r e f r a c t e d  wave 
[eq. ( 6 .3 6 ) ] ,  and a n o th e r  s u r f a c e - ty p e  wave given  by eq. (6 .41 ) .
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E. S teep es t-D escen t  I n te g r a t io n
The r e s u l t s  o f  th e  p reced in g  s e c t io n  [eqs .  (6.42) and (6 .43)]
a re  a p p l ic a b le  f o r  low inc idence  ang les  o r  nea r-bo ttom  t e s t i n g  where
the  r a t i o  y / y i s  sm a l l .  The r e s u l t s  can be extended  to  moderate 'z ' r
v a lu es  o f  th e  Yz/Yr  r a t i o  i f  h ig h e r - o rd e r  terms a re  computed f o r  I j ,
1^ and 1^ as i n d ic a te d  in  eqs . (6 .2 2 ) ,  (6 .31) and (6 .3 8 ) .  Computation 
o f  h ig h e r - o r d e r  terms r e q u i r e s  c o n s id e ra b le  a lg e b r a i c  m an ipu la t ion  where 
com plica ted  e x p re s s io n s  must be expanded in  power s e r i e s  about s=0, 
as i n d ic a te d  in  eqs . (6 .2 1 ) ,  (6 .30) and (6 .3 7 ) .  The expansions have 
f i n i t e  r a d i i  o f  convergence, so a l l  th e  i n t e g r a l s  g ive  d iv e rg e n t  s e r i e s  
in  descending powers o f  th e  la rg e  pa ram eter  y  . This type o f  s e r i e s  
i s  an asym pto tic  expansion , as has been d isc u s s e d  e a r l i e r .  U sua l ly ,  
th e  f i r s t  few terms o f  th e  s e r i e s  g ives  a c c u ra te  r e s u l t s  f o r  s u f f i ­
c i e n t l y  la rg e  va lues  o f  th e  dominant l a rg e  p a ram ete r .  At some p o in t  in  
the  expansion , th e  terms s t a r t  g e t t in g  l a r g e ,  causing  th e  s e r i e s  to  
d iv e rg e .  The s e r i e s  i s  u s u a l ly  t ru n c a te d  j u s t  b e fo re  the  terms s t a r t  
d iv e rg in g .
The a lg e b r a ic  d i f f i c u l t y  in  computing h ig h e r - o r d e r  terms f o r  th e  
b ranch l in e  i n t e g r a l s , combined w ith  the  u n c e r t a in ty  o f  convergence o f  
th e  s e r i e s  prompts us to  e v a lu a te  th e  G reen 's  fu n c t io n  G' given in  
eq. (6 .6 )  u s in g  a n o th e r  approach. We apply  t h e  method o f  s t e e p e s t  
d escen ts  [4  ] ,  [ 2 0 ] to  e v a lu a te  th e  G reen 's  f u n c t io n .  This method en­
t a i l s  deforming th e  o r ig i n a l  p a th  o f  i n t e g r a t i o n  in  th e  complex p lane  
i n  such  a way t h a t  th e  in te g ra n d  i s  s i g n i f i c a n t  f o r  on ly  a sm all  re g io n  
in  th e  new p a th  o f  i n t e g r a t i o n .  To apply  th e  method t o  the  i n t e g r a l  
given i n  eq. ( 6 .6 ) ,  we f i r s t  exp ress  th e  G reen 's  fu n c t io n  i n  th e  complex 
p lane  by s u b s t i t u t i n g  z=x+iy f o r  x and denote  th e  deformed con tour  as f  :
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-Hta)k0 f  2 .02 >,
= — 4 7 — / ------ 2— 5 "   T ~  0 C v ) z d z * (6 ,44)47r J r s (z - i )  DjCz2) 0 r
where
n r 2, 2 r ,2 z2 , . 2  4z2 ,  2 2.5$. 2 .2 .% , A ,  2 2.%D< (z ) = m(z - l ) 2 [(— =- - 1 )  -r (z - a  ) (z -B ) ] + (z - a  ) z.
3 3
The pa th  Tg i s  as  y e t  u n s p e c i f ie d .  We now app ly  th e  h ig h -f re q u e n c y  assump­
t io n  by u s in g  th e  asym pto tic  ex p re ss io n  f o r  th e  Hankel fu n c t io n  [see 
eq. (5 .1 7 ) ] :
ho2) <V> -  ' i "/4 e"1Yr2 • (6-45>
IYr z I »  1.
We may app ly  eq . (6 .45) p rovided  th e  pa th  does not l i e  n e a r  th e  o r ig i n  
where | z |  i s  sm a l l .  S u b s t i t u t i n g  eq . (6 .45) i n to  (6 .44) g ives  
G ,(Yr .Yz »w) =
-H(o))k0 0 1  • 1 * f  r 2  2 . * s  % " i f Y  z + ( 1 - z 2 ) ^ y  ]
r  A  <z  - »  V *  > f6.<2N  * ^ ‘ s *' • 'I1  * ( .46)
We introduce the angle of incidence 0 by defining, from Figure 5:
r  YrtanG = ---- ----- = —  . (6.47)
(z>+z<) Yz
We may write for r  and (z>+z<) the following:
r  = Rj sin0,
(6.47a)
(z>+z<) = Rj cos0 
where Rj is  given in eq. (6.3) as
RI = f ( z>+z<)2 + r 2 IJS*
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We write eq. (6.46) using these re su lts  as follows:
G’ (Yr »Yz,<*0 =
‘H(to)kO , 2 &  f  ( i 2-cx2) h zh  - ik0RI [z s i n ^ a - z 2) ^ 0]
s (6.48)
The parameter kQRj may be w ritten as Yj> a ra tio  of the path length of the 
reflected  wave to the wavelength. We write eq. (6.48) in the form
_H0*»kO 2 kG' (YI ,e,ui) = _ - 0 ( ^  i s , (6.49)
where
s J r s (22- i )  5 Dj(z2)
2and f(z) = i [z sin0 + (1-z ) cos0].
We assume now that the parameter Yj is  large, or
Yj »  1. (6.50)
This defines a rad iation  zone in the liquid  f ie ld . To determine the 
steepest-descent path we compute the point of s ta tio n a rity  of f (z) ,  
the factor in the exponential of the in tegra l Ig. This is  defined by
f ’ (z) = 0. (6.51)
z=z„
The point of s ta tio n a rity  z^ is  then given by the re la tion  
z0tan0 =  Z - r -  (6.51a)
We may also w rite , from eq. (6.51a): 
sin0 = zn
u (6.51b)
2 kand cos0 = (1-z^) .
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We now expand f ( z )  about th e  p o in t  Zq as fo llow s;
where
f ( z )  = f ( z Q) + f ' ( z 0 ) | r ( z - z 0) 2 + . . .  , (6 .52)
f ( z Q) = i
and f " (Z q) = - i [ c o s 0 ]
We w r i te  f ( z )  t o  th e  second o rd e r  as
f ( z )  « i  ^ -------- (6 .52a)
cos 0
Applying t h i s  r e s u l t  to  eq. (6 .49) f o r  I g ives
I ■ c ' * T l  f  t z 2 - “ 2 ) l5  z>> d ,c
J r s Djt*2 ) 2cos  6
Now, th e  pa th  i s  d e f in e d  n e a r  Zq by t ra n s fo rm in g  th e  e x p o n en tia l  
2
^z_Zq) t o  a r e a l  n e g a t iv e  q u a n t i ty .  For th e  pa th  f s
1YI  22cos 0
n e a r  Zq , we w r i t e
(z -z 0) = r e l a , (6 .54)
where a  must be tt/ 4. A s i m i l a r  p a th  i s  used by Landau and L i f s c h i t z  [25] 
f o r  two l i q u i d s .  The i n t e g r a l  I then  becomes approx im ate ly
°° 2 Yt
- i y  ( z 2 - a h h  z  h  f  - T  ( T *( .Z q  a  J 0 / 2cos 0
I <*.' e  j p  = -  I e d r
( Z o - D 2 Dl ( z2)
- i y  (Zg-a2)^  z ^  2 ^
= e  j7 — 2 - j -  COS0, ( 6 .5 5 )
( V « 2 V #  1
where we have used  th e  r e s u l t  [37]
We w r i te  th e  approxim ate G reen 's  fu n c t io n  from eqs .  (6 .55) and (6.49) 
as fo llow s:
-H(to) 2 "1YI
r ,  2 2 J s "
(z0- «  )
Rt
L w  j
(6 .56)
where we have used th e  r e l a t i o n s  (6 .51b).
The r e s u l t  i s  g iven  a more u se fu l  form by adding th e  image source
term  Gj to  G1. From eqs. (6 .2 )  and ( 6 .3 ) ,  we have
^ ^ . o, _ H(oj) e
G1 -  GI + G ~




Nj(Zq) = DJzI) - 2(z2n - a2)h.2-.' l vZ0^
2r
Jo
Equation (6 .57)  i s  t h e  e x p ress io n  f o r  t h e  r e f l e c t e d  wave. I t  has the  
s p h e r i c a l  s p re a d in g  f a c t o r  Rj \  and p ropaga tes  a long  th e  pa th  shown in  
F igure  5 a t  t h e  speed  Cq. The q u a n t i ty  in  b ra c k e ts  {N^/Dj} r e p re s e n ts  
the  plane-wave r e f l e c t i o n  c o e f f i c i e n t  f o r  an a c o u s t i c  wave r e f l e c t i n g  
o f f  a s o l i d  h a l f s p a c e .  The r e f l e c t i o n  c o e f f i c i e n t  i s  a fu n c t io n  o f  the  
angle  o f  in c id e n c e ,  as we r e c a l l  from eq. (6 .51b):
Zq = s in 0 .  (6.51b)
The r e s u l t  (6 .55) a p p l ie s  f o r  a l im i te d  range o f  the  ang le  o f  
in c id e n c e .  R e fe r r in g  to  F igure  8 and eq. (6 .5 1 b ) ,  we see  t h a t  the  
p o in t  o f  s t a t i o n a r i t y  z^ v a r i e s  w ith  th e  angle o f  in c id en ce  0. The 




a) No R e f ra c te d  Wave (0<0c )
o
0
b) With R e f ra c te d  Wave (0>0c )
FIGURE 8
S te e p e s t  Descent P a th s :  R a d ia t io n  Zone
in c id e n c e .  I f  th e  ang le  o f  in c id e n c e  in c r e a s e s  beyond a c r i t i c a l  
angle  0c> the  p a th  must loop around th e  branch c u t  f o r  z=a, as
shown i n  Figure  8 b .  The c r i t i c a l  ang le  0c i s  given by th e  r e l a t i o n
zQ = a  = sin©c (6.58)
f o r  no damping, o r
k c„
s in 0  = ^  = —  . (6 .58a)
C C0 a
When damping o c c u rs ,  t h e  c r i t i c a l  ang le  in c re a s e s  because  th e  p o in t  z=a
l i e s  o f f  th e  r e a l  a x i s .  For sm all  damping, th e  c r i t i c a l  angle  occurs
when kR „ | k I |
s in e  = - 2 _ ---- —  , (6.58b)C Kq
s in c e  th e  path  Ts i s  i n c l in e d  45° from th e  r e a l  a x is  n e a r  Zq . The 
r e s u l t  given by eq. (6 .56) i s  v a l id  only  f o r  0 < ©c , where 0£ i s  given 
by eq. (6 .58b ).
For angles  o f  in c id en ce  g r e a t e r  th an  0c , one must in c lu d e  th e  con­
t r i b u t i o n  to  th e  i n t e g r a l  due t o  th e  loop around t h e  branch c u t  f o r  
z=a. This loop i n t e g r a l  has a lre a d y  been c a lc u la t e d  to  th e  f i r s t  o rde r  
as G^0 in  eq. (6 .3 6 ) .  We r e c a l l  t h a t  t h i s  term  r e p r e s e n t s  th e  r e f r a c t i o n  
a r r i v a l .  The r e s u l t  G^q i s  v a l i d  p rov ided  th e  ang le  o f  in c id e n ce  i s  w e ll  
away from th e  c r i t i c a l  ang le .  The loop i n t e g r a l  has  f i n i t e  l i m i t s ,  as 
can. be seen  from F igure  8b. I f  0 approaches 0£ , th e  f i n i t e  l im i t s  must 
be taken  i n to  account.
We may w r i t e  fo r  th e  response  G’ the  fo llow ing :
r, 2
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where G'g i s  given by eq. (6 .3 6 ) ,  and
0 > 0 . c
Combining th e  G' response  w ith  th e  image source  term Gj gives
i k 0RI
G = G + G' -  ~ -------I I  4tt R,I
V Z0>
L V W
+ G1 naO (6.60)
f o r  0 > 0£ . This r e s u l t  i s  s i m i l a r  to  eq. (6 .57) f o r  0 < 0c , except 
t h a t  th e  r e f r a c t e d  wave term  G ^  has been added due t o  th e  loop around 
th e  branch c u t .
From eq. ( 6 .1 ) ,  we see  th e  response  in  th e  sum o f  the  d i r e c t  wave
G and G , o r  00 1
G = Gro + Gr  (6 .1)
The n e t  response  in  th e  r a d i a t i o n  zone f o r  moderate ang les  o f  in c id en ce  
i s  composed o f  th e  d i r e c t  wave G , aq. (4 .1 8 ) ,  a r e f l e c t e d  wave given 
as th e  r ig h t -h a n d  s id e  o f  eq. (6 .56)  and th e  r e f r a c t i o n  a r r i v a l  G^q 
g iven  by eq. (6 .3 6 ) .  The r e f r a c t i o n  a r r i v a l  occurs on ly  fo r  
0 > 0 .
where 0£ i s  g iven  in  eq, (6 .5 8 b ) ,
I
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V II. SUMMARY AND CONCLUSIONS
A. Summary
Express ions  f o r  th e  a c o u s t i c  response  in  th e  frequency  domain have 
been o b ta in e d  f o r  th e  n - l a y e r  v i s c o e l a s t i c  h a l f s p a c e .  The response  i s  
exp ressed  in  i n t e g r a l  form. The n = 1 case (a homogeneous s o l i d  h a lf s p a c e )  
has been in t e g r a t e d  f o r  bo th  f i n i t e  and i n f i n i t e  depth o f  th e  o v e r ly in g  
l i q u i d  l a y e r .
A d isc u s s io n  o f  the  problem and a b r i e f  su rvey  o f  r e l a t e d  work i s  
p re s e n te d  in  Chapter I .  The n a tu r e  o f  th e  sed im entary  subbottom in 
sha llow  w a te r  i s  summarized in  Table 1 (from H am ilton 's  d a ta ) .  The 
e f f e c t  o f  damping p ro c e s se s  in  th e  subbottom i s  d i s c u s s e d ,  w ith  the  
r e s u l t  t h a t  the  bottom may be cons ide red  an e l a s t i c  s o l i d  w ith  su p e r ­
imposed damping (Voigt v i s c o e l a s t i c  model).
The a n la y s i s  o f  th e  problem s t a r t s  in  C hapter  I I .  The c o n se rv a t io n  
laws and an en tropy  p ro d u c t io n  i n e q u a l i t y  a re  p re s e n te d  as th e  governing 
eq u a tio n s  f o r  the  media. A d is c u s s io n  o f  the  l i n e a r i z a t i o n  p rocess  i s  
then  g iv e n .  The l i n e a r i z a t i o n  i s  based on sm all d is tu rb a n c e s  (wave 
f r o n t s )  superimposed on a uniform e q u i l ib r iu m  o r  ambient s t a t e .
The c o n s t i t u t i v e  eq u a tio n s  a re  developed f o r  th e  v i s c o e l a s t i c  
s o l i d  undergoing sm all defo rm ations  us ing  an energy approach . The 
e q u a tio n  o f  motion govern ing  the  mechanical f i e l d  i s  given as eq . (2 .5 0 ) .  
Following t h i s ,  th e  e q u a t io n  o f  motion f o r  the  i n v i s c id  f l u i d  i s  shown 
to  be a s p e c i a l  case  o f  th e  e l a s t i c  (undamped) s o l i d .  A wave equa tion
(2 .57) i s  d e r iv e d  us ing  an eq u a tio n  o f  s t a t e  f o r  th e  p r e s s u r e .  The 
a c o u s t i c  wave p ro p ag a t io n  speed i s  shown to  be r e l a t e d  t o  an i s e n t r o p i c
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e l a s t i c  modulus and to  a thermodynamic d e r i v a t i v e .
The v e c to r  f i e l d  e q u a t io n s  (2 .50) and (2 .51) a re  s im p l i f i e d  in  
Chapter I I I .  F i r s t  th e  d i s c u s s io n  i s  l im i te d  to  th e  e l a s t i c  f i e l d  
equa tion  (no damping). The d isp lacem en t i s  decomposed in to  lo n g i tu d in a l  
( c u r l - l e s s )  and t r a n s v e r s e  (d iv e rg e n c e - le s s )  p a r t s .  This s e p a r a te s  th e  
equa tion  i n to  two wave o p e ra to r s  fo r  each p o l a r i z a t i o n .  A F o u r ie r  
t ra n s fo rm  in  tim e i s  then  in tro d u c ed  which reduces  th e  wave o p e ra to r s  to  
Helmholtz o p e ra to r s .  Then s o lu t io n s  to  th e  homogeneous forms (no 
source  term s) a re  developed us ing  a s c a l a r  p o t e n t i a l  fu n c t io n  f o r  th e  
lo n g i tu d in a l  f i e l d  and a v e c to r  p o t e n t i a l  f o r  th e  t r a n s v e r s e  f i e l d .  The 
d isc u s s io n  p a r a l l e l s  c lo s e ly  th e  c l a s s i c a l  e lec trodynam ic  wave 
p ro p ag a t io n  problem [32 ] .  One o b ta in s  f o r  c y l i n d r i c a l  c o o rd in a te s  
e x p re s s io n s  f o r  t h r e e  p o l a r i z a t i o n s :  one lo n g i tu d in a l  and two t r a n s v e r s e
[eq. ( 3 .2 0 ) ] .  Each p o l a r i z a t i o n  i s  expressed  in  term s o f  a s c a l a r  
fu n c t io n  s a t i s f y i n g  a s c a l a r  Helmholtz o p e ra to r .
The v i s c o e l a s t i c  medium i s  then  d i s c u s s e d .  A f te r  app ly ing  the  
F o u r ie r  t r a n s fo rm ,  one f in d s  t h a t  th e  f i e l d  e q u a t io n s  reduce t o  a form 
i d e n t i c a l  t o  th e  e l a s t i c  s o l i d .  Each p o l a r i z a t i o n  i s  governed by a 
Helmholtz o p e ra to r  [eqs. (3 .24) and ( 3 .2 5 ) ] ,  where th e  wavenumbers a re  
complex q u a n t i t i e s  in s t e a d  o f  r e a l  due to  the  p re se n c e  o f  damping term s.
Homogeneous forms a re  used f o r  th e  governing e q u a tio n s  in  th e  
s o l i d .  The f i e l d  e x c i t a t i o n  occurs  in  th e  o v e r ly in g  l i q u i d  l a y e r ,  so 
an inhomogeneous form (with  source  term) must apply  in  th e  i n v i s c id  
l i q u i d .  The source  term in  th e  l iq u id  i s  taken  as a l o c a l i z e d ,  
lo n g i tu d in a l  d i s tu rb a n c e  r e p r e s e n t in g  an a c o u s t i c  t r a n s d u c e r .  The 
d i s tu rb a n c e  i s  modeled as a p o in t  sou rce  with an a r b i t r a r y  tim e dependence
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f o r  th e  s t r e n g th .  The a c o u s t i c  response  to  th e  sou rce  i s  then  the  
system G reen 's  f u n c t io n ,  which i s  governed by eq . (3 .3 6 ) .
The s t r e s s  and d isp lacem en t  f i e l d s  f o r  th e  c y l i n d r i c a l  c o o rd in a te  
system a re  developed in  terms o f  t h e  s c a l a r  p o t e n t i a l  f u n c t io n s  f o r  
each p o l a r i z a t i o n .  These e x p re s s io n s  a re  used in  th e  seq u e l  to  e v a lu a te  
the  boundary c o n d i t io n s  a t  each i n t e r f a c e  between media.
In Chapter IV th e  s o lu t io n  to  the  boundary -va lue  problem fo r  
a r b i t r a r y  l a y e r s  in  th e  subbottom i s  deve loped . The response  i s  
o b ta in e d  from eq. (3 .36)  u s in g  a formal G reen 's  fu n c t io n  t re a tm e n t  [50], 
[14] where a F o u r ie r -B e ss e l  t ra n s fo rm  i s  a p p l ie d .  The t r a n s fo rm a t io n  
reduces  th e  governing e q u a tio n  to  an o r d in a ry  d i f f e r e n t i a l  eq u a tio n  in  
one dimension. The G reen 's  fu n c t io n  f o r  th e  unbounded f l u i d  i s  ob ta ined  
by matching boundary c o n d i t io n s  a t  the  l i q u i d - s o l i d  i n t e r f a c e .
The p o t e n t i a l s  in  th e  s o l i d  a re  w r i t t e n  in  a form (4.22) 
com patib le  w ith  the  G reen 's  fu n c t io n .  Boundary c o n d i t io n s  a re  a p p lie d  
a t  an a r b i t r a r y  s o l i d - s o l i d  i n t e r f a c e .  These boundary c o n d i t io n s  
a re  then  exp ressed  as a re c u r re n c e  r e l a t i o n  (4 .3 0 a ) .  S uccess ive  
a p p l i c a t i o n s  o f  th e  re c u r re n c e  r e l a t i o n  enab le  one t o  express  the  
p o t e n t i a l s  in  th e  f i r s t  s o l i d  l a y e r  in  terms o f  th o se  in  th e  l a s t  
[eq. ( 4 .3 1 ) ] .  Then th e  a c o u s t i c  f i e l d  i s  matched t o  th e  f i r s t  s o l i d  
l a y e r  t o  o b ta in  eq. (4 .3 3 ) .  The a c o u s t i c  p o t e n t i a l  i s  o b ta in e d  as a 
G reen 's  fu n c t io n  u s in g  the  re c u r re n c e  r e l a t i o n .  The t ran sfo rm ed  
s o lu t io n  f o r  a r b i t r a r y  l a y e r s  i s  g iven  in  eq. ( 4 .3 7 ) .  S p e c ia l  cases  o f  
eq. (4 .38) a re  o b ta in e d  f o r  a s in g l e  s o l i d  l a y e r ,  an i n f i n i t e  l iq u id  
l a y e r  depth  and a com bination o f  bo th  in  e q s .  ( 4 .4 0 ) ,  (4 .41) and ( 4 .4 2 ) ,  
r e s p e c t iv e ly .
In  Chapter V th e  a c o u s t i c  response  i s  o b ta in e d  f o r  th e  f i r s t
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s p e c ia l  ca se :  th e  s in g l e  s o l i d  l a y e r ,  a h a l f s p a c e .  An i n t e g r a l  form i s
o b ta in e d  by ta k in g  an in v e r s e  F o u r ie r -B e ss e l  t ra n s fo rm .  The i n t e g r a l  
form i s  m an ipu la ted  i n t o  a form more conven ien t f o r  con tour  i n t e g r a t i o n  
by in t ro d u c in g  a Hankel fu n c t io n  in  p la c e  o f  th e  Bessel fu n c t io n  and 
changing th e  l i m i t s  o f  i n t e g r a t i o n .  The e x p re s s io n  i s  then  w r i t t e n  in  
nondim ensional form in  eq. ( 5 .8 ) .  A f te r  a d i s c u s s io n  o f  the  branch and 
p o le  s i n g u l a r i t i e s ,  a co n to u r  i s  s e l e c te d  and th e  re s id u e  theorem i s  
a p p l ie d .  The G reen 's  fu n c t io n  i s  then  expressed  in  eq. (5 .14a) as a sum 
o f  r e s id u e s  and l i n e  i n t e g r a l s  around each branch c u t .  The s ig n i f i c a n c e  
o f  th e  r e s id u e  terms i s  d i sc u sse d  and each branch l i n e  i n t e g r a l  i s  
w r i t t e n  as a d e f i n i t e  i n t e g r a l  in  exac t  form. The branch l in e  i n t e g r a l s  
a re  e v a lu a te d  approx im ate ly  by c o n s id e r in g  th e  h ig h -f re q u e n c y  f a r - f i e l d  
ca se .  Each i n t e g r a l  i s  ex p ressed  as an asym pto tic  s e r i e s  in  descending 
powers o f  a l a r g e  non-d im ensional pa ram ete r .  Two o f  the  branch l in e  
i n t e g r a l s  van ish  due t o  th e  n a tu r e  o f  th e  in te g ra n d .
The f i n a l  r e s u l t  i s  g iven  in  eq. (5 .4 2 ) ,  where one has th re e  
e x p re s s io n s :  a r e s id u e  s e r i e s  and two asym pto tic  s e r i e s  f o r  th e  branch
l i n e  i n t e g r a l s .  The r e s id u e  s e r i e s  has many terms due to  th e  la rg e  
number o f  p o le s  o f  th e  in te g ra n d .  The p o le s  a re  f requency -dependen t ,  
making th e  r e s id u e  s e r i e s  h ig h ly  d i s p e r s iv e .  The d i s c u s s io n  i s  concluded 
by obse rv in g  t h a t  th e  resp o n se  i s  too  com plica ted  f o r  f u r t h e r  a n a ly s i s  
f o r  th e  p r e s e n t  problem. The la rg e  number o f  r e s id u e  term s and th e  
r e q u i r e d  ro o t  s e a rc h  make com putations too  cumbersome. In a d d i t io n ,  
th e  e x p re s s io n  f o r  th e  response  i s  only  v a l id  in  th e  f a r - f i e l d  due to  
assum ptions made in  th e  e v a lu a t io n  o f  th e  branch l i n e  i n t e g r a l s .
In Chapter VI, th e  case  o f  th e  s e m i - i n f i n i t e  l iq u i d  over  th e  
homogeneous s o l i d  h a l f s p a c e  i s  developed . The G reen 's  fu n c t io n  i s
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w r i t t e n  as th e  sum o f  a d i r e c t  wave, an image source  term  and a r e s i d u a l
term in  eq . (6 .4 ) .  'Hie d i r e c t  wave and image source  term s a re  r e a d i ly
o b ta ined  from Sommerfeld's r e s u l t s  [46], [49]. We i n t e g r a t e  th e  r e s id u a l  
term us ing  th e  same procedure  as in  th e  p reced ing  c h a p te r .  The r e s u l t  i s  
given in  eq. (6 . 1 0 ) as th e  sum o f  th re e  b ranch  l i n e  i n t e g r a l s  and a 
r e s id u e  term . The re s id u e  term re p r e s e n t s  a damped S tone ley  wave [8 ] .  In 
a d i s c u s s io n  assuming sm all damping, th e  S tone ley  wave i s  shown t o  p ropaga te  
l a t e r a l l y  along th e  l i q u i d - s o l i d  i n t e r f a c e  w ith  a c y l i n d r i c a l  sp read ing  
law. The e f f e c t  o f  the  wave decays e x p o n e n t ia l ly  as  th e  d is ta n c e  from th e  
i n t e r f a c e .
Expressions f o r  th e  branch l i n e  i n t e g r a l s  a re  given in  eqs. (6 .1 4 ) ,  
(6 .15) and (6 .1 6 ) .  These a re  exp ressed  as a sym pto tic  expansions f o r  th e  
h ig h -f re q u e n c y  case in  eqs .  ( 6 .2 3 ) ,  (6.31) and (6 .3 8 ) .  These waves are 
i r t e r p r e t e d  as r e f l e c t e d  and r e f r a c t e d  waves a f t e r  computing th e  f i r s t  term  
in  each s e r i e s .  The f i r s t  term o f  eq. (6 .23) i s  g iven  in  eq. (6 .2 6 ) .  A
d isc u s s io n  o f  t h i s  wave shows t h a t  i t  c an ce ls  to  th e  f i r s t  o rd e r  w ith  th e
d i r e c t  and image source  te rm s ,  correspond ing  to  c a n c e l l a t i o n  o f  th e  d i r e c t  
wave by the  r e f l e c t e d  wave a t  g raz in g  in c id e n c e .  The b r a n c h - l in e  i n t e g r a l  
(6 .2 3 ) ,  when combined w ith  the  image source  term , i s  then  i n t e r p r e t e d  as 
th e  r e f l e c t e d  wave. The o th e r  two branch l i n e  i n t e g r a l s  a re  d isc u sse d  
a f t e r  computing th e  f i r s t - o r d e r  terms in  each expansion . The f i r s t - o r d e r  
c o n t r ib u t io n s  to  th e  G reen 's  fu n c t io n s  a re  given in  ex p re ss io n s  (6.36) 
and (6 .4 1 ) .  The f i r s t  c o n t r ib u t io n  i s  i n t e r p r e t e d  as a r e f r a c t e d  wave 
t r a v e l i n g  along a p a th  shorn in  F igure  7. The second i s  a m odified  
r e f r a c t e d  wave p ro p ag a t in g  along th e  i n t e r f a c e  and decaying e x p o n e n t ia l ly  
as the  d i s ta n c e  from th e  i n t e r f a c e .
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These r e s u l t s  a re  r e s t r i c t e d  to  g ra z in g  ang les  o f  in c id e n c e  due to  
a convergence c o n d i t io n  on th e  branch l i n e  i n t e g r a l s  [eq. ( 6 .2 0 ) ] .  An 
ex p re ss io n  f o r  the  response  i s  ob ta in ed  f o r  moderate ang les  o f  in c id e n ce  
by app ly ing  th e  method o f  s t e e p e s t  d e s c e n t .  The o r i g i n a l  pa th  o f  
i n t e g r a t i o n  along th e  r e a l  a x i s  i s  r e p la c e d  w ith  th e  one shown in  
F igure  8 . One o b ta in s  two r e s u l t s  f o r  th e  G reen 's  f u n c t io n ;  eq s .  (6.57) 
and (6 .6 0 ) .  The f i r s t  i s  v a l i d  f o r  ang les  o f  in c id e n ce  l e s s  than  a 
c r i t i c a l  ang le  d e f in ed  in  eq .  (6 .5 8 b ) ,  and th e  second f o r  ang les  l a r g e r  
than th e  c r i t i c a l  a n g le .
One sees  t h a t  th e  response  i s  the  sum o f  th e  d i r e c t  wave, a r e f l e c t e d  
wave and a r e f r a c t e d  wave which appears  on ly  f o r  ang les  o f  in c id en ce  
g r e a t e r  than th e  c r i t i c a l .  The s t e e p e s t - d e s c e n t  r e s u l t  i s  v a l i d  fo r  
moderate an g le s  o f  in c id e n ce  n o t  too  n e a r  th e  c r i t i c a l  ang le  in  the  
r a d i a t i o n  zone or h ig h -f re q u e n c y  regim e.
B. R e su l ts  and Conclusions
The prim ary  r e s u l t s  o f  t h i s  s tudy  a re  th e  e x p re s s io n s  f o r  th e  a c o u s t ic  
response  given  in  Chapters  V and VI f o r  th e  l i q u i d  l a y e r  and l iq u i d  
h a l f s p a c e ,  r e s p e c t i v e ly .  The predominant response  in  th e  l i q u i d  l a y e r  
was found to  c o n s i s t  o f  a r e s id u e  s e r i e s ,  each term r e p r e s e n t in g  a mode 
o f  p ro p a g a t io n .  This r e s u l t  was shorn to  be in co n v e n ien t  f o r  modeling 
a c o u s t i c  sounding. We then  developed in  C hapter  VI th e  response  f o r  
i n f i n i t e  dep th  o f  th e  l i q u i d  l a y e r ,  a case  o f  i n t e r e s t  when w a te r  s u r f a c e  
r e f l e c t i o n s  a re  not im p o r ta n t .  A f te r  a d i s c u s s io n  o f  th e  s ig n i f i c a n c e  o f  
th e  h ig h -f re q u e n c y  f a r - f i e l d  approx im ation , th e  response  was shorn  to  
c o n s i s t  o f  th e  sum o f  s e v e r a l  types  o f  waves, each o f  which was a s s o c ia te d  
with a  s i n g u l a r i t y  in  th e  complex p la n e .  Each type  o f  wave was i n t e r p r e t e d
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p h y s ic a l ly  from th e  a lg e b r a i c  r e s u l t s  by a n a ly z in g  th e  lead in g  term  in  
i t s  asym p to tic  s e r i e s  r e p r e s e n t a t i o n .
Two cases  were c o n s id e red :  n e a r-b o tto m  g ra z in g  in c id e n ce  and moderate
an g le s  o f  in c id e n c e .  In the  f i r s t  case  the  r e f l e c t e d  wave was shown to  
cance l  w ith  th e  d i r e c t  wave ( to  th e  f i r s t  o r d e r ) . Two types  o f  r e f r a c t e d  
wave occu rred .  One was a s s o c ia te d  w ith  the  com pressional o r  l o n g i tu d in a l  
wave in  th e  subbottom, t r a v e l i n g  in  a pa th  i n d i c a t e d  in  F igure  7. The 
second one was a s s o c ia te d  w ith  th e  sh e a r  o r  t r a n s v e r s e  wave in  th e  subbottom. 
This was found to  be a wave p ro p a g a t in g  along  th e  i n t e r f a c e ,  decaying 
e x p o n e n t i a l ly  in  th e  v e r t i c a l  d i r e c t i o n .  Another wave, th e  S tone ley  wave, 
o c c u rre d  due to  a po le  s i n g u l a r i t y .  This was an i n t e r f a c e  wave t h a t  
sp read  l a t e r a l l y  l i k e  a c y l i n d r i c a l  wave.
For moderate ang les  o f  in c id e n c e ,  th e  s t e e p e s t - d e s c e n t  method o f  
i n t e g r a t i o n  was a p p l ie d .  Here th e  response  c o n s i s t e d  o f  t h e  d i r e c t  wave, 
a r e f l e c t e d  wave and a r e f r a c t e d  wave appearing  o n ly  f o r  ang les  o f  
in c id e n ce  g r e a t e r  than  a c r i t i c a l  a n g le .
These r e s u l t s  p rov ide  p h y s ic a l  i n s i g h t  i n to  t h e  subbottom i d e n t i f i c a t i o n  
problem d isc u sse d  in  Chapter I .  The i n s i g h t  i s  e s p e c i a l l y  u s e fu l  f o r  
des ig n in g  a c o u s t i c  sounding experim ents  and f o r  an a ly z in g  d a ta .  The g ra z in g -  
in c id e n ce  r e s u l t s  show t h a t  one may d i r e c t l y  o b ta in  in fo rm a tio n  on the  
com pressional wave p ro p ag a t io n  in  th e  subbottom by observ ing  th e  " f i r s t  
a r r i v a l  t im e" a s s o c ia te d  w ith  th e  r e f r a c t e d  wave t r a v e l i n g  th e  pa th  
shown in  F igure  7. This t e c h n iq u e ,  c a l l e d  " r e f r a c t i o n  s h o o t in g " ,  i s  
commonly used  in  o f f s h o re  p e tro leum  p r o s p e c t in g .  The shear-wave 
p ro p ag a t io n  in  the  subbottom can be determ ined  i n d i r e c t l y  by obse rv ing  
th e  damped S tone ley  wave. This tec h n iq u e  has  been used by Hamilton [11].
132
His model f o r  th e  S tone ley  wave, d e sc r ib ed  in  Reference [2] , does no t 
s y s te m a t ic a l ly  tak e  i n t o  account the  th re e -d im e n s io n a l  n a tu re  o f  th e  wave 
o r  th e  e f f e c t  o f  damping. These e f f e c t s  were e x p l i c i t l y  inc luded  in  th e  
p r e s e n t  s tu d y .  We conc lude , t h e n ,  t h a t  near-bo ttom  g raz ing  inc idence  
t e s t i n g  can y i e l d  in fo rm ation  d i r e c t l y  o r  i n d i r e c t l y  on the  wave 
p ro p ag a t io n  ( in c lu d in g  damping) in  th e  subbottom.
Oblique in c id e n ce  sounding can a l s o  y i e ld  in fo rm a tion  on the  
subbottom . The f e a s i b i l i t y  o f  t h i s  approach has been dem onstra ted  by
B res lau  [1 ] ,  as m entioned in  Chapter I .  The r e s u l t s  o b ta in ed  here  show
t h a t  more r e f in e d  in fo rm a tion  may be ob ta in ed  through in c lu s io n  o f  damping 
and use o f  a range  o f  in c id e n ce  a n g le s .  (B res lau  was concerned w ith  on ly  
normal i n c id e n c e .)
The r e s u l t s  o f  Chapter VI can then  be used to  des ign  a r r a y s  o f  
a c o u s t i c  t ra n s d u c e rs  and f o r  a n a ly s i s  o f  d a ta .  S p e c i f i c a l l y , computer 
s tu d i e s  may be perform ed us ing  num erica l  d a ta  from H am ilton 's  r e s u l t s  
(Table 1 ) .  S ince  c o n s i s t e n t  damping d a ta  i s  no t a v a i l a b l e ,  one must i n f e r  
th e  e f f e c t  from in  s i t u  d a ta .
In Chapter IV th e  a c o u s t i c  response  was exp ressed  in  i n t e g r a l  form
f o r  a subbottom w ith  an a r b i t r a r y  number o f  p a r a l l e l  l a y e r s .  Due to
a lg e b r a i c  com plex ity , t h i s  i n t e g r a l  form was e v a lu a te d  only f o r  the  s i n g l e ­
la y e r  ca se  in  th e  succeed ing  c h a p te r s .  The g e n e ra l  r e s u l t ,  however, i s  
new and p ro v id e s  a means fo r  i n v e s t i g a t in g  s u b - la y e r in g  e f f e c t s .  Two 
approaches can be used : d i r e c t  computer s tu d ie s  in  which th e  i n t e g r a t i o n
i s  performed n u m e r ic a l ly ,  and a combined c o m p u te r -a n a ly t ic a l  s tudy  in  
which th e  i n t e g r a l  form i s  expressed  as a s e r i e s  o f  r e s id u e  and branch 
l in e  i n t e g r a l s .  The second approach i s  a g e n e r a l i z a t i o n  o f  Chapters V 
and VI. The a lg e b r a ic  com plexity  o f  th e  in te g ra n d  f o r  more than  one
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l a y e r  in  th e  subbottom p re c lu d e s  the  d i r e c t  c a lc u la t io n  o f  th e  r e s id u e  
term and th e  branch l in e  i n t e g r a l s .  However, th e  c a l c u l a t i o n s  may be 
performed on th e  computer q u i te  r e a d i ly .
Some i n s i g h t  on th e  s u b - la y e r in g  problem was o b ta in e d  by Ja rd e tz s k y  [16 ].  
He found t h a t  th e  only branch l in e  i n t e g r a l s  c o n t r ib u t in g  t o  th e  response  
were th o se  f o r  th e  s i n g u l a r i t i e s  in  the  l a s t  l a y e r ,  th e  h a l f s p a c e .  The 
branch s i n g u l a r i t i e s  in  th e  in te rm e d ia te  la y e r s  d id  not c o n t r ib u te  due 
to  th e  form o f  th e  in te g ra n d .  'Hie response  f o r  th e  more g e n e ra l  case  
w i l l  then  c o n s i s t  o f  two branch l in e  i n t e g r a l s  and a r e s id u e  s e r i e s .  The 
response  may be o b ta in e d  by an a p p ro p r ia te  ro o t  se a rc h  u s in g  num erica l 
tec h n iq u es  and by computing n u m er ica l ly  th e  two branch l i n e  i n t e g r a l s .
The s t e e p e s t  descen t  method may a ls o  be a p p l ie d  to  th e  m u l t i - l a y e r  problem 
f o r  th e  i n f i n i t e  w a te r  depth  c a se .  The in te g ra n d  i s  more complex, bu t 
the  p rocedure  p a r a l l e l s  c lo s e ly  th e  development in  Chapter VI.
In Chapter I I I  the  f i e l d  e x c i t a t i o n  o c c u rr in g  in  th e  l i q u i d  was t a k e n ,  
a f t e r  a p h y s ic a l  d i s c u s s io n ,  as a p o in t  monopole so u rc e .  A G reen 's  fu n c t io n  
form alism  was in tro d u c ed  c o n v en ien tly  s in c e  the  a c o u s t i c  response  due to  
the  p o in t  source  can be cons ide red  to  be th e  sy s te m 's  G reen 's  fu n c t io n .
The form alism  was a p p l ie d  s y s te m a t ic a l ly  t o  th e  m u l t i - l a y e r  problem in  
C hapter  IV. This problem i s  id e a l  f o r  a p p l i c a t i o n  o f  th e  G reen 's  
f u n c t io n  formalism due t o  th e  type  o f  f i e l d  e x c i t a t i o n ,  th e  sho rthand  
n o t a t io n  and the  sy s te m a t ic  n a tu re  o f  th e  com puta tiona l p ro ced u re .  This 
s tudy  appears t o  be the  f i r s t  where th e  G reen 's  f u n c t io n  form alism  was 
a p p l ie d  to  m u l t i - l a y e r  problem s. The geophysics  l i t e r a t u r e  ( c f .
Reference [5])  develops th e  response  by computing a c o u s t i c  p o t e n t i a l s  
s e p a r a te ly  above and below the  source  in  th e  l i q u i d .  The f i e l d  e x c i t a t i o n
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i n  the  l iq u i d  i s  taken  i n t o  account by adding a sou rce  term , t h e  form 
o f  which i s  o b ta in e d  from Sommerfeld's [46] r e s u l t .  The G reen 's  
fu n c t io n  form alism  combines th e  two e x p re s s io n s  f o r  t h e  p o t e n t i a l s  
above and below th e  source  u s in g  r e c i p r o c i t y .  In a d d i t io n ,  t h e  f i e l d  
e x c i t a t i o n  i s  taken  i n t o  account by the  use o f  an inhomogeneous form 
(p o in t  source)  f o r  th e  a c o u s t i c  f i e l d  e q u a t io n .
C. Recommendations
F u r th e r  development o f  th e  r e s u l t s  p re s e n te d  i s  r e q u i r e d  f o r  s o lv in g  
th e  subbottom i d e n t i f i c a t i o n  problem. The immediate work must combine 
num erica l  o r  computer s tu d i e s  w ith  experim en ta l  r e s u l t s .  Some genera l  
con c lu s io n s  must be a r r iv e d  a t  concern ing  th e  n a tu re  o f  subbottom 
damping. In a d d i t i o n ,  th e  e f f e c t s  o f  s u b - la y e r in g  must be determ ined . 
This s tudy  p ro v id es  th e  n e c e s sa ry  models f o r  i n t e r p r e t i n g  experim en ta l  
d a ta  ob ta ined  to  dete rm ine  th e s e  e f f e c t s .
The fo llow ing  a re a s  o f  s tudy  a re  recommended:
1. In s i t u  a c o u s t i c  sounding a t  g raz in g  ang les  o f  in c id e n ce  
(near-bottom  t e s t i n g )  u s ing  th e  r e s u l t s  o f  Chapter VI as a model fo r  
i n t e r p r e t a t i o n  o f  t e s t  d a ta .  P re d ic te d  p u ls e  shapes may be o b ta in e d  
f o r  r e p r e s e n t a t i v e  bottom ty p es  u s in g  H am il ton 's  r e s u l t s  and F o u r ie r  
s y n th e s i s .  Comparison o f  t e s t  d a ta  w ith  p r e d i c te d  p u ls e  shapes may be 
made u s in g  co ring  d a ta  f o r  t h e  s i t e .
2. Computer a n a ly s i s  o f  the  e f f e c t s  o f  su b la y e r in g  us ing  the  
r e s u l t s  o f  Chapter IV, co r in g  d a ta  f o r  r e p r e s e n t a t i v e  s i t e s  and 
H am il ton 's  r e s u l t s .
3. Computation o f  h ig h e r - o rd e r  terms in  th e  expansions i n  
Chapter VI. Also f u r t h e r  a n a ly s i s  o f  b eh a v io r  o f  th e  i n t e g r a l  form f o r
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m athem atica lly  p a th o lo g ic a l  cases  where s i n g u l a r i t i e s  l i e  c lo se  
to g e th e r  in  complex p lan e  u s in g  th e  approach o f  Van Der Waerden [56].
The case where th e  ang le  o f  in c id e n c e  approaches t h e  c r i t i c a l  ang le  i s  
o f  p a r t i c u l a r  i n t e r e s t .
4. F u r th e r  a n a l y t i c a l  s tudy  o f  the  mechanism o f  damping f o r  
u n c o n so lid a te d  sed im ents  combined w ith  an expe r im en ta l  program in  th e  
la b o ra to ry .  The expe r im en ta l  program might be perform ed in  th e  u l t r a ­
so n ic  f requency  regime t o  reduce  th e  s iz e  o f  the  experim en t .
F u r th e r  development o f  th e  modeling i s  h ig h ly  dependent upon 
experim en ta l  r e s u l t s ,  as guidance i s  needed t o  determ ine  th e  d i r e c t i o n  
o f  f u r t h e r  a n a ly s i s .  More s p e c i f i c  recommendations cannot be made 
w ithou t  f u r t h e r  i n s i g h t  from c a r e f u l l y  des igned  and execu ted  experim ents  
c a r r i e d  out in  th e  f i e l d .
Other f a c t o r s  n o t  co n s id e red  in  t h i s  s tu d y  may be s i g n i f i c a n t .
These in c lu d e  random inhom ogen ie tie s  in  th e  media, n o n - p a r a l l e l  and 
no n -p la n a r  l a y e r in g  s t r u c t u r e  and th e rm al  g r a d ie n ts  in  th e  l iq u i d  l a y e r .  
A na ly s is  o f  th e s e  e f f e c t s  shou ld  be perform ed i f  ex p e r im en ta l  r e s u l t s  
i n d i c a t e  t h a t  any o f  th e s e  a re  im p o r ta n t .
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In d e r iv in g  c o n s t i t u t i v e  r e l a t i o n s  f o r  media having  i s o t r o p i c
p h y s ic a l  p r o p e r t i e s ,  i t  i s  n e c essa ry  t o  develop e x p re s s io n s  f o r  i s o t r o p i c
te n s o r s  o f  th e  second and fo u r th  o rd e r .  For convenience in  computation
we r e s t r i c t  t h e  development to  C a r te s ia n  t e n s o r  n o t a t io n .
I s o t ro p y  im p lie s  t h a t  the  q u a n t i ty  in  q u e s t io n  has p r o p e r t i e s
i n v a r i a n t  w ith  r e s p e c t  t o  th e  o r i e n t a t i o n  o f  th e  c o o rd in a te  system . One
w r i te s  th e  r e p r e s e n t a t i o n  f o r  a v e c to r  ( f i r s t  o rd e r  t e n s o r )  upon r o t a t i o n
(change o f  o r i e n t a t i o n )  as fo llow s:
ul = a. .u. , (A. 1)
J i j  i
where th e  prime deno tes  th e  r e p r e s e n ta t i o n  in  t h e  r o t a t e d  fram e, and the
tHa ^  a r e  th e  co s in e s  o f  t h e  ang les  between th e  o r i g i n a l  i —  a x is  and th e
new j — a x i s . The in v e r s e  t r a n s fo rm a t io n  o f  eq. (A .l)  i s
u. = a . . u '  , .  . ,
i  i j  k (A .la )
Applying eq. (A .la )  to  (A .l)  g ives
u! = a. . a . , u.' (A .2)j xj lk  k
Equation  (A.2) im p lie s  t h a t
a. . a . .  = 6 ., i j  lk  j k ,
where 6 ., i s  th e  Kronecker d e l t a .  F urtherm ore , a . . a ,  . = 5 . .  . One may jk  j i  k i  jk
w r i t e  th e  c o o rd in a te s  o f  th e  r o t a t e d  frame [from eq. (A . l ) ]  as 
x! = a . . x .j  i j  i  .
We see  t h a t  
3x!
3x. " a i j  .
3x.
From th e  in v e r s e  t r a n s fo r m a t io n ,  ~— = a . . .
i
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We in tro d u c e  a t e n s o r  o f  th e  second o rd e r  by r e q u i r in g  i t
to  t ra n s fo rm  accord ing  to  th e  fo llow ing  law
0)'., = a. .a. . 0)., <•»?-»j l  i j  k l  lk .  (A.3)
The c o n d i t io n  o f  i s t r o p y  f o r  th e  seco n d -o rd er  t e n s o r  i s :
w! . = a). . (A.4)
13 i l
Say we w r i t e
a). . = c6 . . , (A.5)
13 13
where c i s  a  s c a l a r .
The tran sfo rm ed  form i s
cu! . = c6 ! . (A. 5a)
13 13
I f  a). . i s  i s o t r o p i c ,  eq. (A.4) must h o ld ,  or
6 ! .  = 6 . .  (A.6 )
13 13
from eq s .  (A .5 ) .  We w r i t e ,  s in c e  6 . .  i s  e v id e n t ly  a seco n d -o rd e r  t e n s o r  
^ i j  -  ak i a l j \ l  ~ ^ i ^ j  " ^ i j
This  r e s u l t  shows eq. (A.6 ) i s  s a t i s f i e d ,  so th e  r e p r e s e n t a t i o n
o f  eq. (A.5) i s  an i s o t r o p i c  t e n s o r .  An example o f  an i s o t r o p i c  second-
o rd e r  t e n s o r  i s  th e  s t r e s s  t e n s o r  f o r  an i n v i s c id  f l u i d  (eq . 2 .4 7 ) :
a .  . = - p ' 6 . .
13 13*
One r e q u i r e s  i s o t r o p i c  f o u r th - o r d e r  t e n s o r s  in  th e  c o n s t i t u t i v e
r e l a t i o n s  f o r  l i n e a r  s o l i d s  hav ing  m a te r i a l  i s o t r o p y  [see eqs .  (2 .25) and
( 2 .3 8 ) ] .  We have a  r e l a t i o n  o f  th e  form:
a . . = E . . e (A .7)13 l jm n mn.
In  th e  r o t a t e d  (primed) frame one has
a '  = E' E'op opqr q r .  (A .8)
To show t h a t  E . . i s  a f o u r th - o r d e r  t e n s o r  we w r i t eljmn
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a . . = a. a .  a '  (A.9a)1 ] 10  j p  op
and
e 1 = a a s '  (A.9b)q r  mq n r  mn
S u b s t i t u t i n g  eq. (A.9b) i n to  eq . (A.8 ) g ives
a '  = a a E' e (A.10)op mq n r  opqr mn
I f  one m u l t i p l i e s  bo th  s id e s  o f  eq . (A.10) by a^Qa^ one h a s ,  from
eq. (A.9a)
a .  . = a. a .  a a E1 e (A.11)i j  10 jp  mq mr opqr mn
One sees  from eqs. (A .11) and (A.7) t h a t
E. .  = a. a . a a E1ljmn 10 jp  mq n r  opqr, (A .12)
i s  th e  t ra n s fo rm a t io n  f o r  a f o u r th - o r d e r  t e n s o r ,  as can be seen from a
g e n e r a l i z a t i o n  o f  th e  t r a n s fo rm a t io n  o f  eq . ( A . l a ) .  The c o n d it io n  o f
m a te r i a l  i s o t r o p y  f o r  th e  r e l a t i o n s  (A.7) and (A.8 ) i s ,  from eq. (A.12)
E . .  -  L! . — a. a .  a a E * , <«.ljmn ljmn 10 jp  mq n r  opqr ( A . 1 3 )
Equation (A.13) i s  s a t i s f i e d  f o r  th r e e  p ro d u c ts  o f  Kronecker d e l t a




6. 6.lm J " .
6. 6.m jm,
(A.14)
as can be v e r i f i e d  by d i r e c t  s u b s t i t u t i o n .  I f  one has th e  fo llow ing  
sym m etr ies :
|7 -  £ -  2 = j:
ijmn jimn ijnm  m nij ,  (A.15)
th e  most g e n e ra l  i s o t r o p i c  f o u r th - o r d e r  t e n s o r  can be c o n s tru c te d  from a 
l i n e a r  combination o f  the  t h r e e  f a c t o r s  in  eq. (A .14) (See Refs . [18] 
and [19 ]) :
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E . . = AS. .  6 + u(S. 6 .  + 6 .  5 . ) .  (A.16)ljmn i j  mn 1m jn  m  jm
E quation  (A.16) i s  th e  form used  f o r  c o n s t i t u t i v e  r e l a t i o n s  in  e q s .  (2 .25) 
and ( 2 .3 8 ) .  The symmetries i n  eq. (A .15) a r i s e  due th e  symmetry o f  th e  
s t r e s s  and s t r a i n  (o r  s t r a i n - r a t e )  t e n s o r s  and due t o  thermodynamic con­




THE ROOTS OF THE FREQUENCY EQUATION:
FINITE DEPTH OF LIQUID LAYER 
We wish to  f in d  s o lu t io n s  to  eq. (5 .1 1 ) ,  t h e  f requency  equa­
t io n  f o r  th e  f i n i t e  l i q u i d  l a y e r  over  th e  homogeneous v i s c o e l a s t i c  
h a l f s p a c e .  S o lu t io n s  r e p re s e n t  p o les  o f  th e  in te g ra n d  in  eq. (5 .1 4 ) ,  
which in  tu rn  a re  a s s o c ia te d  w ith  r e s id u e  terms r e p r e s e n t in g  modal 
beh a v io r  in  th e  a c o u s t i c  re sponse .  We w r i t e  th e  f requency  equa tion  as
D(z?) = 0, (5.11)
thwhere ± 3i i s  th e  i  s o lu t io n  in  th e  complex (z) p lan e  and from eq. (5 .8 )
D(z2) = m(z2- l ) ^ [ 2 z 2-$ 2 ) 2 - 4 ( z 2- a 2 )3s(z2-B2) !2z2 ]cosh [k0h0 (z2- l ) 35] +
+34 (z2- a 2 )^ s in h [k Qh 0 (z2- l ) ^ ] .
As mentioned in  Chapter V, th e  r o o ts  o f  t h e  frequency  eq u a tio n  
f o r  th e  l i q u i d  over an e l a s t i c  s o l i d  were i n v e s t i g a t e d  by Schermann[42]. 
His s tu d y  a p p l ie s  t o  eq. (5 .11) i f  a  and $ a re  tak e n  as p o s i t i v e  r e a l  
numbers. V i s c o e l a s t i c i t y  o f  th e  Voigt type  makes a  and B complex num­
b e rs  appear ing  in  t h e  fo u r th  q u a d ra n t .  This i s  e v id e n t  i f  one r e c a l l s  




where k and kQ a re  given in  eqs . (3 .24)  and (3 .25)  and k i s  r e a l  and06 p ot
p o s i t i v e .
The damping i s  r e l a t i v e l y  s m a l l ,  as mentioned i n  Chapter I .  This 
im p lie s  t h a t  we may w r i t e  a and B in  th e  form:
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a  = a Q -  iea*
and (B .l)
3  = e Q -  i e 3 '
where a '  and 3 ' a re  r e a l  and p o s i t i v e  and
e «  1 (B.2)
We may fo rm a lly  apply p e r t u r b a t io n  th e o ry  t o  the  problem, s e t t i n g  
th e  s o lu t i o n ,  z ,  i n  th e  form
z = Zq -  i e z '  (B .3)
The term z^ corresponds to  an undamped s o lu t io n  t o  e q u a t io n  (5 .1 1 ) ,  
as can be shown by expanding e q . (5 .1 1 )  about th e  undamped e q u a tio n  s t a t e :
D ( z , a , 3 )  = 0 = D ( z 0 , a 0 , 3 0 ) +
(B.4)
. r 3D , 3D , 3D „. ■,
-ie{ 37 1 * §5 a * IK 6 1 * " •
Z0 ,Ct0 ’^0
We s e t  each term a s s o c ia te d  w ith  a g iven  power o f  e t o  zero  in
(B .4 ) ,  g iv in g  as a r e s u l t  t o  th e  f i r s t  o rd e r :
D C W V  = 0
and
(B .5)
One sees  from t h i s  r e s u l t  t h a t  th e  s o lu t io n  z^ ,  to  th e  undamped 
eq u a tio n  i s  th e  z e ro th  o rd e r  p a r t  o f  th e  s o lu t io n  f o r  t h e  damped 
e q u a tio n .  The f i r s t  o rd e r  p a r t  o f  th e  s o lu t io n  ( z 1) i s  g iven  in  
terms o f  the  d e r i v a t i v e s  o f  th e  undamped e q u a t io n .
Since a f i r s t - o r d e r  s o lu t io n  to  eq. (5 .11) i s  a l s o  a s o l u t i o n  
t o  eq. (B.5) f o r  th e  undamped c a se ,  Schermann's r e s u l t s  a re  a p p l i c a b le .  
We r e c a l l  t h a t  Schermann found a f i n i t e  number o f  r e a l  r o o t s .  From 
th e  d i s c u s s io n  in  Ewing, e t  a l .  [7 ] ,  th e  r e a l  ro o ts  were found t o  l i e  
in  th e  reg ion
f o r  two l i q u i d s .  The same r e s u l t  can be shown t o  app ly  f o r  th e  s o l i d  
bottom  i f  th e  sh e a r  wave v e lo c i ty  i s  sm a l l .  We no te  from Table 1 t h a t
(B.7)
c g << c a ° r 30 >:> 1
We r e w r i t e  eq. (5 .11) f o r  a r e a l  ro o t  zQ = x as f o l lo w s :
(B.8)
- ta n h  [kQh0 (x2 - l ) ' s ]
For 8 very  l a r g e ,  eq. (B.8) reduces  to
th e  frequency  eq u a tio n  f o r  two l iq u id s  [7 ] .  This can have r e a l  s o lu ­
t i o n s ,  x , on ly  i f  eq. (B.7) h o ld s .  We r e w r i t e  eq . (B.9) as fo l lo w s :
where a l l  th e  square  ro o ts  a r e  p o s i t i v e  r e a l  numbers. We n o te  t h a t  
s o lu t io n s  to  e q u a t io n  (B.9a) a re  f requency-dependen t  due to  th e  k^h^ 
f a c t o r s  on th e  r ig h t -h a n d  s i d e .  One may g r a p h ic a l ly  determ ine  the  
s o lu t io n s  to  eq. (B.9a) as was done in  r e f e re n c e  [7] in  F igure  4 -4 .  
The r e s u l t  i s  t h a t  N n o n - t r i v i a l  r e a l  ro o ts  appear in  the  re g io n  
given in  eq. (B .7 ) ,  where N i s  th e  l a r g e s t  i n t e g e r  s a t i s f y i n g  th e  
i n e q u a l i ty
We see  t h a t  f o r  h igh  f re q u e n c ie s  c o rre spond ing  to  l a r g e  v a lu es  o f  th e  
r a t i o  ho/Xo , one has many s o lu t i o n s  N.
One sees  from th e  form o f  eq. (B.8) t h a t  th e  number o f  p o l e s ,  N, 
i s  th e  same f o r  the  l iq u i d  ove r  th e  e l a s t i c  s o l i d  t o  th e  f i r s t  o r d e r  
f o r  $ »  1. This can be shown fo rm a lly  by expanding about th e  two
l iq u i d  case (3o = 0 ) .  The z e ro th  o r d e r  s o lu t io n  w i l l  be given by
- tan  [kQh()( l - x 2) '2 ] (B.9a)
(B.10)
In tro d u c in g  th e  wavelength ao = 2TT/kginto eq . (B .10) g i v e s :
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eq. (B .9a). The e f f e c t  o f  th e  sm all r i g i d i t y  s h i f t s  each p o le  s l i g h t l y
in  th e  complex p la n e .
As a r e s u l t ,  we see t h a t  s o lu t io n s  to  eq . (5 .11)  f o r  sm all
damping and 3o sm all l i e  c lo se  to  the  r e a l  a x is  and s l i g h t l y  in  the
f o u r th  q u a d ra n t .  We w r i te  eq. (B.3) in  th e  form
z = xo - i e z 1 , (B.11)
where do < xo < 1
and e < < 1
The number iN o f  r o o ts  i s  given by eq. (B. 10).
These r e s u l t s  have been v e r i f i e d  f o r  a t y p i c a l  example o f  marine
sed im en ts .  Complex r o o ts  o f  eq . (5 .11)  were determ ined  n u m er ica l ly
u s in g  H am il ton 's  d a ta  f o r  f in e  sand (see Table 1 ) .  A small amount o f
damping was assumed f o r  a  and 3. The f requency  was taken  as 3500 Hz
and th e  w a te r  depth  ho was 30 m e te rs .  O ther pa ram ete rs  were:
co = 1501 m/sec
c = 1742 m/seca
Cg = 382 m/sec
3
Po = 1.025 g/cm
3
p.  ^ = 1.98 g/cm
The number N o f  ro o ts  found was 70, a va lue  t h a t  agreed  w ith  eq. 
(B .10). The complex r o o ts  were found to  l i e  ve ry  c lo s e  to  th e  r e a l  a x i s ,
and th e  r e a l  p a r t s  f a l l  i n  the  range given by eq. (B .7 ) .  These r e s u l t s
v e r i f i e d  t h e  o b s e rv a t io n s  based  on th e  p e r t u r b a t io n a l  argument g iven .
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APPENDIX C 
THE ROOTS OF THE FREQUENCY EQUATION: 
INFINITE DEPTH OF LIQUID LAYER
We wish to  so lv e  eq . (6 .8 ) :
Dj Cz ) = 0
where, from eq. (6 .6 ) :
f  2. . 2 . .2z 1.2  4z ,  2 2 .2.^-1 . 2 2 . ^D (z ) = m(z - l ) z[(—T - 1 )  j  (z - a  ) 2(z -3 K l  + (z -a  K
3Z 3
We apply  th e  sm all  damping assum ption to  eq. (6 .8 )  and use a p e r t u r b a ­
t i o n  as was done in  Appendix B. On app ly ing  e q s .  ( B . l ) ,  (B.2) and 
(B.3) and expanding D^  about th e  undamped s t a t e ,  we o b ta in
0 ^ , 0 , 3 )  = 0 = D1 ( z 0 , a Q , 3 0 ) +
-IE
3D OD 3D
- 3 T z ' + f c r a ’ + 3 3 - e '
z o »a0 ,3o
S e t t in g  each o r d e r  o f  e to  zero  in  eq . (C-l g ives













As m entioned in  Chapter VI, s o lu t io n s  to  eq. (C-2) ( th e  undamped eq u a tio n )  
were o b ta in e d  by S t r i c k  and Ginsbarg [52], For m arine sed im en ts ,  where
a 0 <X< 30 ‘
A r e a l  ro o t  x^ o f  eq. (C-2) e x i s t s ,  where
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xp >e0 # (C-4)
One may w r i t e  t h e  complex ro o t  z t o  th e  f i r s t  o rd e r  as
P
z = x -  i e z '  , (C-5)
P P
where z 1 i s  g iven  by eq. (C-3). The r e a l  p a r t  xp i s  o b ta in ed  from the
curves i n  R eference  [52].
